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’rlne. -l—an ﬂ.avd- Iou nd Le

The -\-anﬁ-en'f‘ bundle TM™M oF a smootth manlgld M va?d«es
+Re most natural context For FBe derivative of a smeostts map , One
way +o gee Hhis is o compare The chain rule exPr-esy-ed jn Terms
of derivatives

D(#‘j) ) = D-F (56:)) o Dj (x)

with He form it Hakes when ex pressed in ferms a]a e "'ﬂﬂjt’ﬂ'f’
Bundlé’)
T(fog) = T# oTq |

There are seveval way's to define -:‘unjeu{'s/ all o‘)e which agree
Lor Linite dimenstonad manifolds. /n‘l“u,‘ﬂve[y/ a -r’-ang—euﬂ" vector ot

X&M should correspond L a speec/ and o/,‘rec‘/‘r‘mq at biel She
can pass 'I-ﬁmwjlq x . . o

_Sl‘nce each xe M [lies in e ima a‘F at (ﬁ’aﬁ{' on€
chart  hy: Uy —> M, , we shall vse F4e chart +o "Hunspor'f' ’fﬁe_
obviovs aotioa of -J-qnj-cud's From Evclidean space o M,

g ‘}(GL(} an open ge"!‘ " Rn,r and Véfzhfldﬁeﬂ,ﬁe
Cu rve . . i -

v = xrtv

[ies in W 7[:9r‘ [t near é, and ¥(0)= v, TZQSJ every VC‘"R"
occuvrs qj’ a  fan &u‘(‘ vec‘l(af a.‘l" x. .7_1'!'5 means ’fﬁﬂd' “fﬂe sPece
of all dansentz fo aff orn'l! of U is UWUxIR" : Hhe Ffirst coor-
dinqte 46'715 the _Poinf_ OF_.,_...ff’QﬂjeﬂCy._/_and Jhe seeond is_The
4—4#1?-8:4‘{' +here. I .

Akt d e =My e dilfomecshit, 5a e e
of all 'f'anaen'h +o Pora‘l‘s,mC Mo is _ _
. TM, =M, xR"

We chall vge The -‘-v\ansi‘{*‘ionmqps-z‘-o QSS-Eerle Fres fogml
+‘9‘LV\3~€V{‘_ SP‘LC\‘."S Fﬂ‘h) +8e s-‘nj le SPQ(—Q TM'
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Let (Mj?-f) be a smoolth mani‘)(;’c’ wiTh cﬂ"{‘ts ngzl’lq}qegl

(1) Eacl /:x-'(»(x ~Mu— 75 & Aameomorphism/ where
Us is open in IR™ and Mx is open in M,

@) M = (o-‘_/maﬂ-

b (M) —> (MY s smosthe

(3) Eack h o = /1/3"/10( /5<

Ugoc

* M . )
= h, (M
Ma( o F
hga Usg U?’ %

hi\) jh | Ung = by (Ma)

p

md_ _mﬂ,

We f‘econs'h”vd_ N From The o pen w sefs 5“«.1 an d 'ﬁfe
-/-rans:-hon Functions Zlamﬂ} as #ollows

et X = L Ua with natvral inclosion ‘;ou'- Uu ‘;")( .

Lef_ h;X———}M by A(:O(‘: Llo(:b(“- —>M Deéﬂf’ ~ on X ég

c“ (x) = ‘;5(7)--- = y:é « %)

aad lel /W":_.-X/'v ‘un"ﬂ- 2uo7L:en7L ] X—?M’ Since b

, 'S cons?‘hrﬂ‘ on Ve Valeufe c/aSSfS_”i‘ll_J‘-volahces__ o
he o hiem —>m. '716’_ __a’/?’és_ $hd % 0:‘cre.s a smodt,
Cok g’l—rucf‘u r£ on m' with ‘f'mnShLion 7Q)nc+ioﬂs
WK F2M . hl omh .
e = T |
\) Ik / gy [ql 'S a J?—%omowpl\is,m _So we

:Jem‘h?cyi,M and M’ L} h,-



Deé:m‘%:ow of e ‘fanjﬁn‘/’ bundle ™M T M.

LeF h)Z = _l_L(quRm) with -nq‘/‘urq/ }nC/US;'E)ﬂS L(_,LKHM—-———*) ,)\(J

ol €A

De‘FFnﬂ ~ on i éy

’('_\;(Xju) N?f; ()’)\l) <="'>' >/=le_(7§) a,v‘c;

V = Dhgo (X (W)
leT T’V\ = ﬁ{/"’ wiTh %oa‘hevfi' map ’(,7;’)2 —>TM

The map S "lT,:u.&X.IRM —> Uy induce "IT,’TT' and T in e d?aarﬂm(

ke low.

Uy x R™ —Lee T(hD =3 in
]
o
Uee

Tl\eo rew TM s a4 _smoo-ff‘\r maniﬁavlcl ua-"l‘e\ aCH«S |
T(a{) = ;_T(Lta.)—g;;(-f-}) a"_'\dl ~ iS._fa“L
smoo‘H\) GP%_ map .

Proof s The elcbions bl by by by et kg oy,

':;mp/f z"t’wl" NS om %U;Vﬁleﬂfﬁ re[a,lL?m/_gud e

T(Iﬂag) = gl:d. Is 1-{. Thus we cam def.‘a-e 1he +ransitioq

mqu
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T(Ll/g,x) = T(h/i)-lT(L\aL) - U ULXTRM —#—»b(uﬁxﬂEM

Tlhgo) (x,w) = (14‘5,,( (%), Db, (x) (w))

Since L’ﬂ“ s a J?ﬁg’omor‘])}affm‘j eaclh Dhy, () is )n\lé’r'l[iéff’/
o\nc/ fqenc-e eacb\ T(h/sa_ﬁ /5 m’so a di%owor/’;ht‘.&'ﬂ- 'l—hus)
7(9{) s « smooTh Q‘Haf/ ié it s an atfas, [see Note Ij

/\/0+€ —}-&a-(' mll &‘ﬁe rm.a/:s Py +e c/?a.jramq /:‘)r-?(-ec(?"lj +he
Theorem are opesn. This is e/emen‘r‘ary for all bt and
%:, For & l""' Fol/c)u)s 7Cr\9m “t+4e 7DD.C_+—I-ﬁ‘q:{- %’"' (%’(q% re
Hhe set® ) all porabs K eguivaleat 1 a sorit R U,
and Fhis is dhe varea of all Th/g,&y(unrm(?:‘;_))/ Jhiel, -

s clearly opea. Similarly for 4.

Now T(h) (s a f:ameomor“ohf‘sm ém«n Ux xRT Fo 77 Ma .
OP-en and con‘!'-‘nuous Potlok; mn Re fact TGt g axd ?u:

are opea pmd continvous, One 1o one foilows M hoy =1,
o see fAxt it maps oato T IMu  svppose TE = hyX e Mu

Since § is on'/'v/ 2:_?3'2;5(5,\;) for seme V,Y and B,
Then

Chyx = vz = "r?': 3,;(5,\4)
= by
So y: A/got(x) Now
- %’2;_, (y,") =_%_ g 10K DA;F, (PW)

[

_ gkd‘wh\j-’}-ﬂd‘. 'I—(’m) :%" Ly - 15 o-.n‘i'l;‘»r ’T’f‘ My .

Fraally ot _lis easy Yo see Hhat TM s 2™ covatable and
Ha-vsdovff’} cince it is corered b9 Fhe opeq sets Th) (U xR™).

WE_‘ have geeu ot o ;5 0 pes. T+ rs smeoTt becayse |
l’ix T T(Lid.):"ﬂ'\ 7 Wwhidh is SmooTe\.//
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Note | : The qrﬁomen““ given chows HRat T(hﬁa3 1S &
\nomeomorpkism. To chow it is a\idiﬂ'\ea morphism -~
observe 4Rt its derivative s
Dhg, (x o
D(Tlhaa)) (x,0) = ( s ) )
D h e 00 () 5 hlga 62

¢ Hom (R"xR™ RB"xR™)

which is easily seen 4o be smostt,.

N'o’!‘e 27

T s é 'FUnC'\‘Of ‘Pr*on-: THe Cq.'l“ﬁﬁory o‘F s moostt mqn}.ﬁ)lds
s e coteger y 53 smoste mauifolds. This meauws 6ot f
F:m —N is a smestt map JRere 1s om iaduced gmed it
fmap T‘P‘ M — T Y, uﬂ\'tcl‘\ S'q‘l‘ istito .

Tl ) 2 and  T(aF) = T(5) TCH)

wWe 5-}~af*’ w the reﬁuilrememi‘ ‘e -u.cE) o =
ore opea “aand -C_:Ug-—-ér\l iS smoeatTt +Rawn

TE) (x,0) = (o, DEFO W)
This Jorces 4o -Pol\owinj o
Definition + TF mEsN g Srﬂotﬁt\; and hill—sM kN —>N are
charts Ao  TEITH (,u) = T (KFh 6, DIKER (0 (W)

o T e T |
Wx R >ST™M —> TN — VxR"™

R

—=> M ——> N < \
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Theorem : T(-P) s o well de‘)Da'n-ec( smooTt map and
T(4p) = Loy, and T(gF)=T)TH)

Proo]p: E“Sy //

fD-ef?nH--‘on: ITf xe M , THhe -l—mfj-ew{- space o M ot X

is T.(m) = T7'x) ¢ ™

b8

_[_'Jr_ap_q_;s_;_ﬁ@ﬁ_: T. (M) ;s a vector space and ;10 m‘iVN

’s srﬁad"'&/ Fh-en Tx (F£) + T (m) —> T (N) is linear,
Tha

oot Tl\e maps fal x R™

Lo

W ——= M

>T™M where ho & =X,

9;\"@ - T)‘-m a V-EC]LO’- SP‘!'C& S'/'Puc‘!‘df‘-e_ MIZ\;C.LI -.FS J‘qd,ﬁf}eﬂdﬂ?ujz
Jb x sinee D hﬂﬂ( (&) ;‘5/\/:‘413&:". fsomo f‘/D”H'S”'I. C'/ea,r-/y TE)
is [Irneer 1 JRe -)Laﬂg-etf‘ Coor di’na‘ff.//

De'F:-\i-l-iaw . M —£—> N s

(N _an immersiov i{"l_,c[: is -1 VxeM

(y a 5ubmér<_.?0‘4 ‘l‘F ‘E‘F is on‘{'D ¥xe M

C3) an M I‘F ‘|+ is am :MM'S\JO’] ,aﬂd A
homeo morphism ont H ]mq7.e.
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Examgf-es (D T TM —>M s a submersion
: M —> Tm/ sf-n)=Cma°3/

(2D The 3-ero-5—ec+)cﬂ S 5
IS owm immer Sieor], N‘o#LE ‘ﬁ’wd" S /s m-e// de-/:‘a-ec(

since every linear mmap gends 0 40O,

C33 2xp ¢ R —<’ /s omnm immersien and a suémers.mn}
as is Fhe natural gua-ﬁen—i‘ map P s7—Rp".
4) exp: R —=>C* , exp(x)= e, is an

;mmevsion,

T he mmaps in 3) and @) chow +bat an immersion may -ﬂa,{
fo be an embedding by ﬁa‘slu‘nj to kbe /I-1. Nete +at by Fhe
Inverse Functien '1—;7901‘@“’!/ an itmmersion will He loca 8%

= ;e 1=l ThA & ﬂerjhéoréooc{ oF each /:o}-ﬂL. Nlore

5019{/"&2 -ﬁm'IUf‘-eS occuvv (1 & aaud (&)

{(5) map R —£'> TRZ as inC“C‘q_‘LCC{ 5 A_’Q <
P AN \
E

This is a l-f ?Mmim} buvT nst a
homeomorphism eonto ity image bewuk
¥
eUeny n-ergaborkebd I X has Jnverse )
ima a net‘jhborhood 32 o) 7‘09—6/%% with « set of
Fhe form  (4,00) | or, FLL) ;s not closed

(6) Let L R =o&'s Lo Leshe (e‘xje"“") Shers

o] S ‘:r*m‘l-‘«ona(. ,Tfr&n £ is an im*ﬂ&v’s)b"ﬂ/ bu‘l‘ ;‘fs
image s dease In $'xs'; and s apT .Komeomorphic o IR.
(7) Lt £ S'~=77722 have Image a @Q
ULiaure eight"  Thea -+ ; ,
3 ‘j ;i —P s ann T_F

immersion but not an embedding,
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77:‘9_ lnverse Fuac’?l-‘oﬂ Theorew Ads Fhe :%//owiry :‘mm{dﬂt‘f(e Coro//Ary_

TAé'Of‘-em e ¥ 7c.'m-j—>'l\/ /s smooTth ound '7;,-; Js sovertible 7%(‘
Some me M, Fhen there exist ne€lghborhoods U and %
of m and Fcm), f*espec+'v€/y, svch +aat Pl is a dffeo — -
msr‘Phu_srn u —> V.

R‘oof RFS')"N ct 4o {:LerJLS in rreg%ar‘ﬁoao’s a'}p ™ aad 7£(_m)/ and

app[y The ja verse Function Theorem Yhere .
Cer‘olla.r : A 1—={ an?LO immersion /s a C/"%OMDPVALS’I?_
o Ot N Y

Pr-oo?c: we nged on/y check e it inverse is smoolh, and
+4is is » local 5«:{5‘/‘:‘94 whick is answered !’j tthe Theortwm,

Theorew An immersion is /oc-r//y an embedding. More jCﬂfﬂi//y/
f‘ f m—>nN is smostt  and !.,75 is (-1 {or some meM

+fecx 4+ is -1 in some rrcrj/tbor hood oF m.

ool : This is an imme ot te conseg vence of e Loteml S‘fm'ﬁ}r/‘-
ening Theorem, siace The rank R Tt pmust be coastasl
in a nhood J} m because I'IL 7%«../; al& L Magjmo et /:wssféle )

V‘L’V‘f cl:mm aj‘fm //

B direct Proa_F ’[é‘“"ﬂl He in verse. -’[::J.'nc'f':{))q- '.I-’f«’-eohe,-m” -
be IV-?Wl “s tlowos (I'l 10‘&5{ wré pr‘v\fé‘ a_ vevrsion a'F ‘fﬂ‘ef
Local S‘fr‘\ ju%f:j Theo rtw ) ) R .

Lwa I{' 7_70 ’s 7“01. fhere exisT ne',‘j}lé‘f”“'.oe‘{-f
of'm V of 0 ;a 12""’ and W of 76""\ and a
di ffeamar};h 'sm A UxV—>W  such Hat ,‘9—0( 0) ___,_,C“).

Ux0 = W

_u:V 2 s w \

n
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Proof Srnce T s S aq IOC‘O\.{ zu{’s'l"te"] W€ ma MS'/‘P?E"W')LOV

charts q.Bou-} m  and ﬂccﬂ\ and fhere 'Fwe rna:7 Assv me
f: U—>W T, f -, uc:z'" we R

let V -be-a gubépafe of MR” coqp)eﬂfﬂ"[ﬂfy +o 7;'}\(12")/
So HRat o

R" £ T.f R e vV =z R"eR"™

Then tRe map FUXV —>R" T (uv) = Fad +V, has

N T (™)

+ )

7—("! 0) (T-F I ) b\)/thctl 1S mvef{ éle T}rere;‘-one ‘l[' s
o di ffeo morphrsm af a n-e(jly_/)or/zoad oF (m, o) +o a n-erj/réor/rodd

| af #cm\//

_Here 7s a ?-e/nem. | result abo ut“_..';m mevsions_and embe dsl?%?f

:7"__6_‘2% A- B l-—l _immLevsiovy lJL« OLI. AN e:_‘ﬂ_e: :D/;-en OI:__,c/a&e:J as &
—map. fo___.;{r, :ma.j»e s _a d/CFeamarPAum NS

aa?o,m_ﬁ,ﬂwe_ nvevIe IS ’f'h‘-fﬂl co-n‘l“ nuaus _So 'J"ﬁe (rna7d i ey &meo ._
MJ/'PPUSM 70_1+-S ‘mg?_e

Caro”«.nz T M oas _rarni.)a.c.'(' fmm n /—r we’rsa-;;m-—ﬁ—‘?N_ L
15 _am _em bedd”‘ﬁ " _

Pfocﬂc OASCCJ_"‘- M Vnpltes c_w#ﬂd ‘;L/gnej-e,rdea ceﬂfaC{"?fSS ,,
ER ) aarr't,oad‘ A Hrwg dardg sPacz H’ﬂ./)/t-eg cloged //___ e
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Qjé: McN s a submas ileld ir Lor eapk nvu_:M Jhere is
& chat of N, hill—N, with me h(w), suck Tt

S W o W) = (L n (R™0), U =<RER“ER™

n=-m

/ﬁ\” g)‘* .
R

Y Won W m)
= un@a‘"‘xo)

W

Exa_u_&ﬁl-e : £% e R aa . Subnnaui{%’d, Since

><‘| x,y

Xo Ko+ \i l-iix'."
e
X

X

s a OL\.a.ori_ ‘PV"" =N uﬂw&e MS'l"l“fc'{"-‘c‘ﬂ “}'0 o"IRnCPM‘V
s dthe 5{1V\dk|""4~ clant

- Zx ‘
( ) > _ ’(' . a'P Sq.

\1

,,7,P(“-° {7 I‘F- M s & &UL’WM;‘)DO Id 7 N ']"'fe.r\ M is A ma,n,;‘rcokj
tAJJ"I“e\ cy(«.w\fs C)B
{ U0 (nz <0) —————> A(u)nm/ h s«?Lrs?Des (*)}

) Def Ihe cod-mensren C% M i /V )5 antN —d;nM |

R-a . T/«e:, ima o‘F.an_ehbec/d?n Fs - Sulmﬁﬂ;'&’d.‘
= J



