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Abstract

This paper is devoted to the connective K homology and cohomology of finite
groups G. We attempt to give a systematic account from several points of view.

In Chapter 1, following Quillen [50, 51], we use the methods of algebraic
geometry to study the ring ku*(BG) where ku denotes connective complex K-
theory. We describe the variety in terms of the category of abelian p-subgroups
of G for primes p dividing the group order. As may be expected, the variety is
obtained by splicing that of periodic complex K-theory and that of integral ordinary
homology, however the way these parts fit together is of interest in itself. The main
technical obstacle is that the Kiinneth spectral sequence does not collapse, so we
have to show that it collapses up to isomorphism of varieties.

In Chapter 2 we give several families of new complete and explicit calculations
of the ring ku*(BG). This illustrates the general results of Chapter 1 and their
limitations.

In Chapter 3 we consider the associated homology ku.(BG). We identify this as
a module over ku*(BG@G) by using the local cohomology spectral sequence. This gives
new specific calculations, but also illuminating structural information, including
remarkable duality properties.

Finally, in Chapter 4 we make a particular study of elementary abelian groups
V. Despite the group-theoretic simplicity of V', the detailed calculation of ku*(BV)
and ku.(BV) exposes a very intricate structure, and gives a striking illustration

of our methods. Unlike earlier work, our description is natural for the action of
GL(V).
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CHAPTER 0

Introduction.

0.1. Motivation.

This paper is about the connective complex K theory ku*(BG) and ku.(BG)
of finite groups G. The first author and others [3, 4, 5, 6, 8, 35, 48] have made
many additive calculations of ku*(BG) and ku.(BG) for particular finite groups
G. The purpose of the present paper is to give a more systematic account.

More precisely, ku*(X) is the cohomology represented by the connective cover
of the spectrum K representing Atiyah-Hirzebruch periodic complex K theory.
Their values on a point are

K. = Zv,v™'] and ku, = Z[v],

where v is the Bott periodicity element in degree 2.

Connective K theory is relatively easy to calculate, and it has been used to
great effect as a powerful and practical invariant by homotopy theorists. However,
it is not well understood from a theoretical point of view. Although it can be
constructed by infinite loop space theory, and there are ad hoc interpretations of
its values in terms of vector bundles trivial over certain skeleta [54], these fall short
of a satisfactory answer (for instance because they fail to suggest a well behaved
equivariant analogue). Similarly, ku is also a complex oriented theory, and is the
geometric realization of the representing ring for multiplicative formal groups if we
allow a non-invertible parameter. This does appear to generalize to the equivariant
case [27] but, since ku, is not Landweber exact, it does not give a definition.

Our response to this state of affairs is to exploit the calculability. In practical
terms this extends the applicability of the theory, and in the process we are guided
in our search for geometric understanding.

Our results fall into four types, corresponding to the four chapters.

(1) General results about the cohomology rings ku*(BG), describing its vari-
ety after Quillen. In the course of this we exploit a number of interesting
general properties, such as the behaviour of the Bockstein spectral se-
quence and the fact that the Kiinneth theorem holds up to nilpotents for
products of cyclic groups. The use of Euler classes of representations is
fundamental.

(2) Explicit calculations of cohomology rings for low rank groups. The input
for this is the known group cohomology ring (processed via the Adams
spectral sequence) and the complex character ring.

(3) General results about the homology modules ku,(B@G), and the curious
duality phenomena which appear. The connections with the cohomology

1



2 0. INTRODUCTION.

ring via the local cohomology theorem are highlighted. Phenomena are
illustrated by specific examples.

(4) Finally we turn to elementary abelian groups. We calculate the cohomol-
ogy ring and the homology module. These turn out to be remarkably
complicated, and the detailed geometry is quite intricate. Nonetheless
we are able to give a complete analysis which is a good guide for the
complexities arising in more general cases.

There are several reasons for interest in results of this type. Our results involve
the introduction of a ‘character ring’ together with a character map ku*(BG) —
dhku(G). The point is that the character ring is reasonably calculable, and the
kernel of the character map consists of nilpotents so we can obtain useful new
information on the ring structure of ku*(BG).

Secondly, there are equivariant versions of connective K-theory. For any rea-
sonable version, a completion theorem holds in the form

ku*(BG) = (kug)?

for a suitable ideal I. One example is May’s M U-induction [45] of non-equivariant
ku [32], but this equivariant version is much too big to be entirely satisfactory. As
a result of the present work, the second author has constructed a better version for
groups of prime order in [25], and for general compact Lie groups G in [28]. In
any case, the results of the present paper give information about the completion
of the coefficient ring kug, for any of these theories. Our calculations show that
a number of naive expectations are unreasonable, and also provide calculations of
the coefficient rings of the equivariant theory of [28].

Thirdly, the case of connective K-theory is of interest as an introduction to
some of the methods of [33], and a step on the way to extending them to the
general case of BP(n). N.P.Strickland [56] has calculations in BP(n)* BV when V
is elementary abelian of rank less than n + 2, suggesting further progress may be
possible.

0.2. Highlights of Chapter 1.

In the first chapter we prove a number of general results giving a description
of the coarser features of ku*(BG) as a ring in terms of the group theory of G.
Quillen [50, 51] has given a descent argument which shows that the variety of the
ring ku*(BG) can be calculated from that of ku*(BA) for abelian subgroups A
using the category of abelian subgroups of G. This shows that most of our general
purpose can be achieved if we can calculate ku*(BA) for abelian groups A and
describe it in a functorial way. This is easy if A is cyclic. For other cohomology
theories that have been analyzed, the general case then follows by the Kiinneth
theorem, but the Kiinneth spectral sequence for ku does not generally collapse
to a tensor product decomposition. Nonetheless, by a fairly elaborate argument
using special features of connective K-theory, we can show that we do have a tensor
product decomposition up to varieties, and this allows us to give useful general
results.

As might be expected, the answer is that the variety is a mixture of that
of ordinary cohomology at various integer primes and that of K theory. Quillen
proved that the mod p cohomology ring has dimension equal to the p-rank of G,
whilst periodic K-theory is one dimensional. It follows that ku*(BG) has dimension
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equal to the rank of G if G is non-trivial, and the variety is formed by sticking
the variety of K*(BG) (with components corresponding to conjugacy classes of
cyclic subgroups of G) to those of H*(BG;F,) (with components corresponding to
conjugacy classes of maximal elementary abelian p-subgroups of G). Considering
the degenerations as v or p becomes zero, it is not hard to identify the components
of the variety of ku*(BG) or equivalently the minimal primes of the ring.

The ingredients in this analysis are interesting. First, we use Euler classes
and Chern classes of representations. It is very valuable to have a good supply
of classes under tight control, and we discuss their behaviour under a number of
natural constructions such as tensor products and change of cohomology theory.

In view of the coefficient ring ku, = Z[v] it is natural to study ku*(X) according
to its p- and v-torsion, and in both cases the Bockstein spectral sequence gives a
structure for understanding this torsion. For integral ordinary homology it is not
hard to use the Bockstein spectral sequence to show that the Kiinneth theorem
holds up to varieties; nonetheless, this is not a formality. The analogous result for
connective K theory involves more careful analysis, and comparison with periodic
K theory. Furthermore we need to compare a number of filtrations that occur
naturally and show they coincide in favourable cases.

0.3. Highlights of Chapter 2.

Next we give exact calculations of the cohomology ku*(BG) as a ring for a
number of groups of small rank. The only examples previously known were the
cyclic groups, where the result is clear from complex orientability and the Gysin
sequence. We are obliged to use more elaborate methods.

The additive structure largely follows from the Adams spectral sequence. Be-
cause the mod p cohomology of ku is free over A//E(Qo, Q1), where A is the mod
p Steenrod algebra and E(Qo, Q1) is the exterior algebra on Qg and @1, the Eso-
term of the Adams spectral sequence for ku*(BG) only requires the ordinary mod
p cohomology groups as modules over this exterior algebra. The higher Bocksteins,
the action of the rest of A, and a simple fact about the action of the represen-
tation ring on ku*(BG) (Lemma 2.1.1) determine the differentials, and this gives
ku*(BG) up to extensions. The multiplicative relations then follow by this lemma
and by comparison with ordinary cohomology and the representation ring. This
step is most effective for periodic groups, and for this reason we restrict attention
to low rank groups (which are also those with low dimensional cohomology ring).
Amongst rank 1 groups we calculate the cohomology of the cyclic and generalized
quaternion groups, and the non-abelian groups of order pg. We then proceed to
calculate the cohomology ring of the dihedral groups and the alternating group Ajy.

For rank 1 groups, ku*BG is a subring of K*B@, so that once we have identified
the generators of ku*BG using the Adams spectral sequence, we can use K*BG
and R(G) to determine the relations. Even so, this produces rather complicated
relations when the order is large. The appearance of the Chebyshev polynomials in
the relations satisfied by the quaternion and dihedral groups is somewhat surprising
(2.5.3), and the number theory involved in the non-abelian groups of order pq is
tantalizing.

Among higher rank groups, the calculation is complicated by the presence of
(p,v)-torsion. This makes direct use of the Adams spectral sequence less helpful
on the face of it. However, in each of the cases we consider, the Adams spectral
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sequence does show that there is no (v)-torsion in positive Adams filtration, and
hence that cohomology together with representation theory will completely deter-
mine the multiplicative structure. It is interesting to note that some of the p-torsion
in integral cohomology comes from (p, v)-torsion in ku* BG, whilst other p-torsion
in cohomology reflects v-divisibility of non-(p, v)-torsion in ku* BG. The quaternion
and dihedral groups in particular, show the relation between the order of torsion
in cohomology and the v-filtration of the representation ring (Remark 2.5.10). All
of the (2)-torsion in ku*BDasn is of order exactly 2, is annihilated by v, and is
independent of n. The remaining integral cohomology (in the image of reduction
from ku) is of order 2"~ 1, reflecting divisibility by v. Similarly, ku* BQq» has no (2)
or (v)-torsion at all, whereas HZ* BQ2» has torsion of orders 2 and 2", reflecting
v-divisibility of corresponding classes in ku*BQan.

Finally, as in ordinary cohomology, ku*(BA4) is not generated by Chern classes.
In addition, the Euler class of the simple representation of dimension 3 is non-
trivial in ku*(BA4) but vanishes in periodic K-theory. An alternative approach
to ku*(BA4) is to note that the 2-local part of the ku*(BA4) is exactly the Cs
invariants in ku*BVy, where V} is the Klein 4-group.

One interesting general pattern that emerges may be summarized by consider-
ing the short exact sequence

0 —T — ku*(BG) — Q —0

of ku*(BG)-modules where T is the v-power torsion. Thus @ is the image of
ku*(BG) in K*(BG), and in all our examples except Ay it is the K°(BG) sub-
algebra of K*(BG@G) generated by 1,v and the Chern classes of representations.
Although T is defined as the v-power torsion, in our examples it turns out to be
the (p,v)-power torsion when G is a p-group. In many cases it is annihilated by
the exponent of group without the need for higher powers.

0.4. Highlights of Chapter 3.

Next we consider homology ku.(BG), and especially how the cohomology ring
ku*(BQG) affects it. It is generally considered that the homology of a group is more
complicated than its cohomology since it involves various forms of higher torsion.
However one of the lessons of our approach is that the right commutative algebra
shows that the two contain the same information up to duality.

Earlier results give just additive information, and our emphasis is on struc-
tural properties by use of the local cohomology spectral sequence, which allows
us to deduce ku,(BG) as a module over ku*(BG) from a knowledge of the ring
ku*(BG) and the Euler classes. We emphasize that although this has purely prac-
tical advantages in the ease of calculating certain additive extensions, the main
attraction is the structural and geometric information not accessible through the
Adams spectral sequence. To explain, we let I = ker(ku*(BG) — ku*) denote the
augmentation ideal. Local cohomology Hj (M) is a functor on ku*(BG) modules
M, and calculates right derived functors of the I-power torsion functor

Ii(M)={meM]|I°m=0for s >> 0}

in the sense that
Hi(M)=R'T;(M).
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The local cohomology modules H%(M) vanish for i > dim(ku*(BG)), and so the
local cohomology spectral sequence

Hi(ku*(BG)) = ku.(BG)

is a finite spectral sequence. The FEs-term is calculable and the whole spectral
sequence is natural in GG: we use both these facts to great effect.

In fact the local cohomology spectral sequence is a manifestation of a remark-
able duality property of the ring ku*(BG). For ordinary mod p cohomology the
corresponding duality implies, for example, that a Cohen-Macaulay cohomology
ring is automatically Gorenstein. Since ku” is more complicated than HF}, the
statement is more complicated for connective K theory, but the phenomenon is
nonetheless very striking. This is reflected again in Tate cohomology. As with ordi-
nary cohomology, the advantages of Tate cohomology are most striking in the rank
1 case. More precisely, one may combine the universal coefficient spectral sequence

Ext, (ku.(BG), ku.) = ku*(BG),
with the local cohomology theorem to make a statement of the form
(RD) o (RT')(ku*(BG)) ‘=" ku*(BG).

Here D(-) = Homyp,, (-, ku.) denotes duality, R denotes the right derived func-
tor in some derived category, and the precise statement takes place in a category
of strict modules over the S%-algebra F(BGy,ku), or its equivariant counterpart
F(EG., ku). This states that the commutative equivariant S%-algebra F(EG. , ku)
is ‘homotopy Gorenstein’ in the sense of [15], and this has structural implications
for its coefficient ring ku*(BG). We give this heuristic discussion some substance
by showing what it means in practice for our particular examples from the previ-
ous chapter. It turns out that under the local cohomology theorem, the Universal
coefficient short exact sequence calculating ]/C\Q/I,*(BG) from ]/C\Q/I,*(BG) corresponds
exactly to the short exact sequence 0 — T — ku*(BG) — Q — 0 mentioned
in the summary of Chapter 3.

0.5. Highlights of Chapter 4.

Finally we discuss a considerably more complicated case. Although there is
very little to the group theory of elementary abelian groups, it interacts in a quite
intricate way with the coefficient ring and provides a test for the effectiveness of
our methods. The connective case is more complicated because of the failure of
the exact Kiinneth theorem. Geometrically speaking, this means that the basic
building block is no longer affine space. It is intriguing to see the commutative
algebra that this gives rise to, and it is chastening to see the complexity that so
small a perturbation causes.

Again we consider the extension

0 —T— ku*(BV)—Q—0

of ku*(BV)-modules, where T is the v-power torsion, which in this case is the
same as the ideal of elements annihilated by (p,v). Then @ has no p or v-torsion.
Indeed, @ is the image of ku*(BYV') in periodic K-theory: it is the Rees ring, which
is to say that it is the K°(BG) subalgebra of K*(BG) generated by 1,v and the
Euler classes y1,¥2,...,y, of any r generating one dimensional representations.
Additively, @ is the sum of the coefficient ring Z[v] and a module which is free of
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rank |[V| — 1 over Z in each even degree. Finally, if p = 2, the module T is the
ideal of Fa[zy,xa,. .., .| generated by the elements gs = Q1Qo(][,cg ®s) with S
a subset of {1,2,...,r}, and the action of the Euler classes on T is determined by
the fact y; acts as #2. This determines the ring structure of ku*(BV). However,
the commutative algebra of ku*(BV') is rather complicated. It turns out that there
is a direct sum decomposition T'= Ty & T3 P --- P T, and T; is of dimension r and
depth i. (Notice that this decomposition and the following discussion is intrinsic
and natural in V). Remarkably, the local cohomology of T; is concentrated in
degrees ¢ and 7. More startling still is the duality: the subquotients of H}(Q)
under the 2-adic filtration are the modules H}(T;), and the differentials in the local
cohomology spectral sequence give the isomorphism (4.11.5). Furthermore the top
local cohomology groups pair up H}"(TZ)V = 2T o fori =2,3,...,r—1
(the exceptional behaviour of T, is exactly what is required to lead to a clean final
duality statement): there is a natural exact sequence

0 — 7Y — ku,(BV) — Z[v] @ X127 H (Q)) — 0.

Finding duality in a rank 1 group might seem like little more than a coincidence,
but in these rank  groups the exceptional behaviour necessary is quite breathtaking.

0.6. Reading guide.

Although the chapters are largely independent, certain sections are applied in
later chapters. Thus all readers will need to read Section 1.1 for its basic facts and
Section 1.3 for its discussion of Euler and Chern classes. Readers interested in the
homology of explicit examples in Chapter 3 will need to read the corresponding
sections in Chapter 2. Readers of Chapters 4 will want to read Section 2.1 to
explain how we calculate cohomology and hence introduce Section 4.2, and those
interested in homology and duality will also need to read most of Chapter 3.

We direct readers to Appendix A where we summarize various conventions. In
Appendix B there are various indices that should assist selective readers.

0.7. Acknowledgements.
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CHAPTER 1

General properties of the ku-cohomology of finite
groups.

This chapter discusses generalities, but many of them will be used in our spe-
cific calculations in later chapters. The main theme is to investigate what Quillen’s
method proves about the variety of ku*(BG). Since ku is complex oriented, the
structure of the argument is exactly Quillen’s, and this is outlined in Section 1.1.
The implications for minimal primes of ku*(BG) are described in Section 1.2, and
compared with analogous results for periodic K theory and ordinary cohomology.
Euler classes provide a basic ingredient and point of comparison between theo-
ries, and we devote Section 1.3 to them. The principal difficulty in implementing
Quillen’s argument is that the Kiinneth theorem does not hold exactly, so that the
cohomology of abelian groups is not the tensor product of the cohomology of cyclic
groups. Using an analysis of the Bockstein spectral sequence in Section 1.4 we are
able in Section 1.5 to show that the Kiinneth theorem does hold up to nilpotents
in relevant cases.

1.1. Varieties for connective K-theory.

We shall be concerned with ku*BG for finite groups G. Here, ku*(-) is the
unreduced connective complex K-theory with coefficient ring ku, = Z[v] where
v € ku~2 = kus. Because we need to discuss both homology and cohomology, it is
essential for clarity that we consistently refer to cohomological degrees (i.e., ‘upper
degrees’ in the sense of Cartan-Eilenberg) as codegrees. Degrees can be expressed
as codegrees in the usual way, by M* = M_;: for example, v has degree 2 and
codegree —2.

Before going further we should record the relationship between ku and the
more familiar theories, ordinary integral cohomology HZ, and periodic K-theory
K. Indeed, there is a cofibre sequence

Y2ku - ku — HZ,

and there is an equivalence
K ~ ku[l/v].

The full relationship is described by a Bockstein spectral sequence which we shall
have occasion to consider below, but for the present we shall be satisfied with two
remarks. First, note that the cofibre sequence gives a short exact sequence

0 — ku*(X)/(v) — HZ*(X) — ann(v, ku* (Y73 X)) — 0.

LEMMA 1.1.1. For any space X we have (ku*X)[1/v] = K*(X).

7



8 1. GENERAL PROPERTIES OF THE ku-COHOMOLOGY OF FINITE GROUPS.

Proof: We prove the result for any bounded below spectrum X . Indeed, the natural
map ku — ku[l/v] ~ K gives a natural transformation

keu* (X)[1/0] — K*(X),

since v is invertible in the codomain. This is tautologically an isomorphism when
X is a sphere. Both domain and codomain are exact functors of X, and K*(X)
satisfies the wedge axiom. It therefore suffices to show that ku*(X)[1/v] satisfies the
wedge axiom for bounded below wedges in the sense that when X; is n-connected
for all 7, the natural map

ur(V X0[1/v) = [tk (X0 [1/0)

is an isomorphism.
This holds since the relevant limits are achieved in each degree. More precisely,
inverting v in ku®Y involves passing to limits over the sequence

ku®(Y) — kusz(Y) — ku574(Y) — kusfﬁ(Y) — .

If Y is n-connected, the maps are all isomorphic once s — 2k < n. (]

We now briefly summarize Quillen’s methods [50, 51|, explaining how they ap-
ply to ku. First note that ku is complex orientable. Next, the usual argument with
the fibration U(n)/G — BG — BU(n) associated to a faithful representation of
G in U(n) shows that ku*(BG) is Noetherian, and similarly one sees that if Z is
any finite G-complex, the cohomology ku*(EG X ¢ Z) is a finitely generated module
over it. Accordingly, we may apply Quillen’s descent argument to deduce that the
restriction map

ku*BG — lim ku* BA =: Ch(G)
T
is a V-isomorphism (in the sense that it induces an isomorphism of varieties), and
that the variety of the inverse limit is the direct limit of the varieties of the terms
ku*(BA).

More precisely, we have to bear in mind that ku*(BG) is endowed with the
skeletal topology, so it is appropriate to consider formal schemes. For any ring
R with linear topology, we have an associated formal scheme spf(R), defined as a
functor from topological rings k to sets by

spf(R)(k) = Homes (R, k).

The example to hand is
X(G) = spf(ku*(BGQ)),
which is a formal scheme over X = spec(ku*). The underlying variety is obtained
by restricting the functor to indiscrete algebraically closed fields, and since all our
results are at the level of varieties the reader may forget the topology on ku*BG
for our purposes. There is always a map lim spf(R;) — spf(lim R;), and Quillen
has shown that if we restrict to a finite diagram of algebras Iéi, finite over the
inverse limit, it is an isomorphism of varieties. Thus Quillen’s theorem states that
the natural map
lim X(4) L= x(Q)
A



1.1. VARIETIES FOR CONNECTIVE K-THEORY. 9

of schemes over ku* is an isomorphism at the level of varieties. To analyze X(G) as
a variety it is enough to understand X(A) for abelian groups A in a functorial way.

Consider the special case R = ku*BS! = ku*[[x]], which is free as a topological
ring on a single topologically nilpotent generator xz. Thus

spf (ku™[[z]]) (k) = nil(k),

where nil(k) is the set of topologically nilpotent elements of k. The map BS*! x
BS' — BS! classifying tensor product of line bundles makes ku*[[x]] into a Hopf
algebra with coproduct

r— 1lr+r®1—vr®x,

and thus nil(k) is naturally a group under z © y = = 4+ y — vry. We write [n](z) for
the n-fold ® sum of x with itself, so that

[n](z) = (1= (1 —va)")/v.

Let k4" denote the ring of functions from A* to k under pointwise multipli-
cation. We may give it the structure of a Hopf algebra with coproduct from the
product in A*:

Y((BRy) = f(B7)

THEOREM 1.1.2. For abelian groups A there is a map
spt(ku* BA)(k) ¥5 Hopf,,, (ku*[[z]], k*")
which is natural for ku* algebra maps of k and group homomorphisms of A, which

is an isomorphism at the level of varieties.

Proof: First we need a natural map. Choose an orientation of ku. We define
0 : spf(ku* BA) (k) — Hopf o, (ku*[[z]], k*")
by taking ([0(f)](z)) () to be the image of the orientation under the composite
ku*BS' 2% ku*BA L k.

Now we observe that both sides behave well under taking products of abelian
groups, so that it suffices to treat the case of cyclic groups. For the codomain
we have

k(CXD)* _ kC* ® kD*,

and this is a product of Hopf algebras, so the codomain on a product of abelian
groups is the product of schemes. For the domain, we have a Kiinneth map

ku*(B(C x D)) «— ku*(BC)®pu-ku*(BD),

from the coproduct of topological ku*-algebras. The main technical ingredient in
the present proof is Theorem 1.5.1, which states that the Kiinneth map induces
an isomorphism of varieties. The proof of this will occupy Sections 1.3, 1.4 and
1.5, but for the present we assume the result, so it remains to observe that the
map 6 factors through the Kiinneth map of schemes. For this we use the following
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diagram, in which we write G,,(R) = Hopf ., (ku*[[z]] for brevity.

spf(ku*BA) (k) N G (kA7)
! !
spf(ku* BC® - ku* BD)(k) Cm(KC™ @ kP7)
=] =
{spf(ku*BC) xx spf(ku*BD)} (k) 228 G(kC™) xx G (kD7)

It thus remains to verify the theorem for cyclic groups. In section 2.2 we use
the Gysin sequence to show that if C' is cyclic of order n then

ku*(BC) = ku*[[z]]/([n](x))-

Thus
X(C)(k) Rings ., (ku*BC, k)
= {yenil(k) [ [n](y) = 0}
= Grp(C, Rings, ., (ku*[[z]], k))
Hopf ., (ku*[[z]], Sets(C*, k)).

All these isomorphisms except the last are obvious. The final one is a restriction of
the usual one for functions. Indeed if we let

f:C" — Rings ., (ku*[[2]], k)

and
g : ku*[[z]] — Sets(C*, k) = k¢~

denote typical functions, the condition that they correspond is that

g(p)(a) = f(a)(p).

Using the identification Rings,,(ku*[[x]],k)) = nil(k), the condition that f is a
group homomorphism is that

f(ap) = () © f(B) = f(a) + f(B) — vf(a)f(B).
The condition that g is continuous is that g(z) € nil(Sets(C*, k)) = Sets(C*, nil(k)).
The condition that it is a Hopf map is that

g9(z)(a) + g(2)(B) = g(x)(af) + vg(z)(@)g(2)(5).

It is easy to see that the ku*-algebra
ku[fe(a) | a € A7]]/ (e(a) + e(B) = e(af) + ve(a)e(B) |a, B € A¥),

represents the functor Hopf ., (ku*[[z]],k4"), so the theorem implies most of fol-
lowing.

COROLLARY 1.1.3. For an abelian group A the ku*-algebra ku*(BA) has a
subalgebra

ku*(le(e) | o€ A7]]/ (e(a) + e(B) = e(af) + ve(a)e(B) |a, f € A7),

and any element of ku*(BA) has a power which lies in the subalgebra. If A is of
rank < 2 the subalgebra is equal to ku*(BA).
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Proof: Suppose A = C) x C?) x ... x C") with each C® cyclic. The theorem
shows that ku*(BA) has the same variety as the tensor product

ku* (BOM)& s ku* (BCP) &g - - - Q= k™ (BO™)

which in turn represents the functor Hopf ., (ku*[[z]], k*"). The Kiinneth theorem
together with the fact that ku*(BC®) is of flat dimension 1 shows that the tensor
product is actually a subalgebra of ku*(BA). The statement about rank 2 groups
follows from the explicit flat resolution of ku*(BC™) given by the Gysin sequence
(see Section 2.2), together with the fact that ku*(BC?)) has no Z or v torsion. [

To see how this Corollary works, note that if C' is cyclic, we know ku*(BC) =

Zv][[y]]/([n](y)), and y = e(«) where a generates C*. The relation
e(a’) +e(a?) = e(a™) + ve(at)e(a?)
implies, by induction, that e(a’) = (1 — (1 — ve(a))?)/v from which we conclude
that e(a) generates. It also gives e(e) + e(e€) = e(e) + ve(e)? or e(e)(1 — ve(e)) = 0;
since 1 — ve(e) is a unit in the completed ring we see e(e) = 0. Hence,
[n](e(a)) = (1 = (1 —ve(a))")/v = e(a™) = e(e) = 0,

as we know to be correct.

CONVENTION 1.1.4. In the sequel we generally use the letter y for an Euler
class, because of its association with the coordinate of a formal group law.

1.2. Implications for minimal primes.

Quillen’s argument shows that we can deduce the minimal primes of ku*(BG)
from the abelian case provided we know the answer for ku*(BA) when A is abelian
in a sufficiently functorial way. Our proof that ku*(BA) is a tensor product up to
varieties lets us identify its minimal primes.

We begin by considering abelian groups A.

PROPOSITION 1.2.1. The minimal primes of ku*(BA) are in bijective corre-
spondence with the set

{C'| C C A cyclic of prime power order}U
{E(p,A) | E(p, A) is a mazimal elementary abelian p subgroup}
of subgroups of A.
Proof: We consider primes according to whether or not they contain v.
Primes not containing v correspond to primes of K*(BA). Indeed, the primes
not containing v are the primes of the localization ku*(BA)[v~!]. Now by 1.1.1,
ku*(BA)[v™'] = K*(BA) = R(A)}[v,v™"],

and we know by Segal’s work [53] that the minimal primes p¢c of R(A) correspond
to cyclic subgroups C. More precisely, R(C) = Z[n]/(n™ — 1), and ku*(BC) =
ku*[[y]]/[n](y), and we have

pc = (resg)* (¢ (1))

where ¢¢ is the cyclotomic polynomial, and vy = 1 — n. Of these primes, only the
ones meeting the component of the trivial group survive the process of completion.
These are exactly the primes corresponding to subgroups of prime power order.
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poddor0 (@) (p)

p odd or 0

- o

@) (9}
poddor0

FIGURE 1.1. The varieties of HZ*(BCy), ku*(BC2) and R(C3),
and the natural inclusions.

Primes which do contain v correspond to primes of ku*(BA)/(v), or equiva-
lently, to the corresponding quotient of the subalgebra in 1.1.3, namely

ku*[le(a) | a € A™]]/ (e(e) + e(B) = e(af) +ve(a)e(B) |a, 5 € A”) /(v) = Z[[A]].

To see this equality, note that the relations become e(a) + e(3) = e(af), so that
the result is the completed Z symmetric algebra Z[[A]] on A*. The minimal primes
of Z[[A]] are the primes (p), defining affine space over F, of dimension rank,(A)
and the ideal (e(a) | o € A*), defining spec(Z).

This identifies all the primes of ku*(BA), and those minimal within each of the
two classes. It remains to identify possible containments between the classes.

None of the second class of primes lie in any of the first class, since they contain
v. In the second class (v,e(a) | « € A*), contains p; = (e() | @ € A*), so is not
minimal. Now suppose p divides the group order and consider (v,p). If Ay, is
cyclic then p¢, lies in (v,p) since it is generated by

op(n) = [pl(y)/y = (f) - (g)vy+---+ (ﬁ) Ca

Similarly, pc , lies in (v,p) since it is generated by ¢,x(n) = [p*](y)/[P*](y),
which is easily seen to be in the ideal (p,v). On the other hand, if A, is not
cyclic, then (v,p) defines a scheme of dimension rank,(A) > 1, so it definitely does
not contain a prime defining a scheme of dimension 1.
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Finally, if p does not divide the group order then (v, p) is certainly not minimal
since ku*(BA)/(p) = Z/p|v], so that (p) is itself prime. For an algebraic proof note
that [n](y)/y has constant term n, and thus if p does not divide n, all irreducible
factors are invertible power series mod p, so that the relation [n](y) = 0 is equiva-
lent mod p to y = 0. (I

This analysis also gives an analysis of the primes minimal over each integer
prime p.

PROPOSITION 1.2.2. (i) If p does not divide the group order, (p) is itself prime.
(i) If p does divide the group order, there are two primes minimal over (p).

Proof: We have already discussed the case that p does not divide the group order.

Segal shows that the primes pc and pp become equal mod p if the p’ parts of
C and D are equal. The primes of R(A)/(p) thus correspond to cyclic subgroups
of p’ order. Completing at J picks out the unique prime .

It remains only to observe that if p divides the group order the prime (v, p) is
always minimal. This is clear if the Sylow p-subgroup is not cyclic, just as before.
If it is cyclic of order n, y € p; and we need only check that y & (v,p). However
[7](y) = 0 mod (p,v), so that the defining relation is trivial. O

Here is the answer for a general group:

COROLLARY 1.2.3. A: Components of ku*(BG) for a finite group G correspond
to

{C'| C cyclic of prime power order }/G

U{A | A mazimal amongst elementary abelian subgroups }/G,

where G acts on these sets by conjugation.

B: Mod p there is one minimal prime if p does not divide the group order. If p
does divide the group order there is one minimal prime for each conjugacy class of
maximal elementary abelian p-subgroups, and one extra. O

REMARK 1.2.4. (i) Of course ku*(BG)/(v) is closely related to the integral
cohomology, HZ*(BG) = (ku/v)*(BG), and it was shown in [33, Appendix E]
that their varieties agree. Accordingly the essence of the results is that the variety
of ku*BG contains an amalgamation of the varieties of K*BG and HZ* BG:

ku= K+ HZ.

The interaction takes place at the primes for which the group has rank 1.

(ii) The discussion suggests things about the character of equivariant connective
K-theory. We mean an equivariant theory kug with the properties (a) if v is
inverted, kug becomes Atiyah-Segal periodic equivariant K-theory K¢, (b) if we
reduce mod v, kuc has the character of ordinary Borel cohomology and (c) kug
is complex orientable. Because of complex orientability, the theory formed from
K¢ by brutally truncating its homotopy does not qualify, but a suitable theory is
constructed in [25] if G is of prime order and in [28] for an arbitrary compact Lie
group G.
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In spec(kug,) we expect to find extra components corresponding to cyclic groups
with order divisible by more than one prime. In view of Properties (a) and (b), we
also expect the corresponding slogan to be

kug = Kg + HZq,

although the term HZg needs elucidation. Since kug is not bounded below, the
slogan is of less certain value.

Now let us consider a non-abelian example in some detail.

ExXAMPLE 1.2.5. The quaternion group Qg of order 8.
(i) the components correspond to the 5 conjugacy classes of abelian subgroups and
(ii) mod 2 there are two components.

Proof: The group has three cyclic subgroups (i), (j) and (k) of order 4, intersecting
in the central subgroup of order 2. We have seen that

ku™(BCy) = Z[vl[[z]]/(x(ve - 2))

and
ku*(BCy) = Z[)[ly])/ (y(vy — 2)(v*y* = 20y + 2))
and y restricts to z. Finally, the automorphism group W of order 2 takes n ton™! =
n3,andsoy = (1—n)/vto (1—-n"1)/v=(1-(1-vy)?)/v=102y>—3vy*+3y. To
calculate W-invariants we may make use of the fact that for cyclic groups connective
K-theory is a subring of periodic K-theory. Now, we begin with R(C4)", which is
the subring of R(Cy) = Z[a]/a* = 1 generated by a? and a + a~!]; this gives the
equivariant K-theory by adding the Bott element and (K*BCy)" by completion.
We then have
ku*(BCy)W = ku*(BCy) N K*(BCy)Y,

and it is easy to check this is additively Z & Z4 @& Z% in each positive even degree
and Z% @ 74 in each negative even degree. The inverse limit lim ku*(BA) can be

identified with triples (x;, z;, zx) which restrict to the same element of ku*(B(—1))
where z; € ku*(B(i))" and similarly for z; and z,. We may thus consider the
Quillen restriction map

ku*(BQg) — limku*(BA).
A

We calculate ku*(BQs) exactly in Section 2.4, and it may be checked that the
restriction map is injective. However the rank of the codomain is greater than that

of ku*(BQs) in each even degree.
O

ExAMPLE 1.2.6. The alternating group A4 on 4 letters.
(i) the components correspond to the 4 conjugacy classes of abelian subgroups and
(ii) mod 2 there are 2 components.
(iii) mod 3 there are 2 components.

1.3. Euler classes and Chern classes.

For any complex stable equivariant cohomology theory we may define Euler
classes. We only require the construction for Borel theories defined by Ef(X) =
E*(EG x¢g X), but the discussion applies quite generally.
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A complex stable structure is given by natural isomorphisms
E5(SY AX) 2 EL(SVI A X)

for simple complex representations V. Here SV is the one point compactification
of V' and |V| denotes V with the trivial action. In other words, Ef has Thom
isomorphisms for topologically trivial bundles. Now for any complex representation
V we may consider the inclusion iy : S — SY, and we may define the Euler class
e(V) € E‘GV‘ by e(V) = (iv)*(¢), where ¢ € E'C;V‘(SV) = E%(SO) corresponds to
the unit. It is immediate that e(V) = 0 if V' contains a trivial summand and that
e(VaoW)=eV)e(W).

We shall be particularly concerned with the following four equivariant coho-
mology theories of a G-space X

(1) connective K-theory of the Borel construction ku*(EG x¢ X)
(2) integral cohomology of the Borel construction H*(EG x¢g X;Z)
(3) periodic K-theory of the Borel construction K*(EG xg X) and
(4) periodic equivariant K-theory K (X)
There are natural transformations
K4(X)
1
K*(EGxg X) &5 ku*(EGxgX) 2% H*(EG xg X;7)

between them.

LEMMA 1.3.1. There are complex stable structures on the above four theories
compatible with the displayed natural transformations between them.

Proof: The three Borel theories are easily seen to be complex stable using the
Serre spectral sequence of the fibre sequence EG x SV — EG xg SV — BG.
The complex stable structure on equivariant K-theory comes from equivariant Bott
periodicity. The Serre spectral sequence shows that any complex stable structure
on ku gives complex stable structures for the other Borel theories. It remains to

remark that the image of the Thom class in IN(IGV‘(SV) in KIV(EG x¢ SY) lifts to
—~V
ku‘ |(EG xg SV). However this is immediate since both Serre spectral sequences

collapse. O

CONVENTION 1.3.2. We shall fix a compatible choice of complex stable struc-
tures for the rest of the paper. This gives Euler classes ex,, (V), eg(V), ex (V) and
exs (V) in the four theories: these classes are central to our calculations and one of
the most effective techniques is comparison between the FEuler classes of different
theories.

The Euler classes in periodic equivariant K-theory are well known, and deter-
mined by representation theory.

LEMMA 1.3.3. For an n-dimensional complex representation V we have
vers (V) = MV),
where A\(V)=1—=V + X2V — .. + (=1)"A\"V, O
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It is also useful to know how FEuler classes behave under tensor products of
representations. In general this is rather complicated, but if G is abelian it is given
by an equivariant formal group law in the sense of [11]. For equivariant K-theory
this is unnecessary because of the direct connection with representation theory, and
for Borel theories it is enough to talk about non-equivariant formal group laws. In
our case HZ gives the additive formal group law and ku the multiplicative one.

LEMMA 1.3.4. If a, B are one dimensional then
(i) ern(af) = en(a) + en(B)
(i) For equivariant K-theory and for connective or periodic K-theory of the Borel
construction

e(apf) = e(a) + e(B) — ve(a)e(B)
and

e(af) =e(a) + ae(B). O

The Euler class is the top Chern class, and the other Chern classes also play a
role. Suppose then that W is an n-dimensional complex representation. For Borel
theories of complex oriented theories we may define Chern classes ¢ (W), ¢ (W),

cEZ (W) by pullback from the universal classes. Indeed the representation defines

Iy n

amap W : BG — BU(n) and hence

E*[[cE, 2, ... B = E*(BUn)) X5 E*(BG).

ren

We define c(W) = W*cF. For the representation ring we make a similar construc-
tion below, and this gives a construction for equivariant K-theory. For the theories
that concern us, we choose a complex orientation of ku compatible with the chosen
complex stable structure and with the standard orientation on K-theory.

Restriction to the maximal torus identifies E*(BU(n)) as the invariants in
E*(BT™) under the action of the Weyl group. The universal Chern class cf €
E?(BU (n)) restricts to the j-th symmetric polynomial o;(e1, ..., e,) € E2 (BT™).
To define analogous classes in representation theory we must translate to degree 0,
where they should agree with v/cf € K°(BU(n)) = R(U(n))}. They are naturally
defined in terms of the exterior power operations \’.

DEFINITION 1.3.5. For an n-dimensional complex representation W of G, let

J .
i =) 4
ey =31 (12 v
i=0
LEMMA 1.3.6. Let W be an n-dimensional representation of G and let E be R
or a complex oriented cohomology theory.

(i) The natural map R(G) — K°(BG) sends c§(W) to v7 [ (W).
(ii) The Euler class is the top Chern class: eg(W) = cZ(W).
(iii) If cEF(W) =1+ cE(W) + -+ cE(W) then cE(V @ W) = cZ(V)cE(W).
(i)
J n-—1
NW)=>» (1) fw
W)= )erom)
REMARK 1.3.7. (i) A special case of (iii) is cf(W @ €) = cE(W).

(i) Intuitively, the role of ¢f(W) is to give the natural expression in W which
becomes divisible by exactly v/ in connective k-theory. This observation seems to
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be new, though, as noted after the proof of the lemma, they have been known since
the 1960’s.

Proof: Consider the restriction map

RUM)Y = ZINV,... AV,(A"V)"1) = Z[[ch,...,cF]
!
R(T™); = Zlayt, .. 0 = Zlyf'- - vl

where V' is the defining representation of U(n), «; is the one-dimensional represen-
tation given by projection onto the i* factor, and y* = 1 — q; is the representation
theoretic Euler class. Recall that restriction to the maximal torus induces the map

AV = May + -+ ap) = oila, ..., o).

To be compatible with K-theory, we must therefore have

i = o)
Uj(l—al,...,l—an)
= pj(/\l,...,)\n)

where A = A\(ayq + -+ + a,,) and where p; is the polynomial which expresses the
elementary symmetric functions of the 1 — o; in terms of those of the «;:

oj(l—oa1,...,1—ay) =pj(s1,---,n)
where s; = o;(a1,...,a,). The explicit formula by which we defined cf follows
by expanding [],(z + 1 — ;) in the two obvious ways. Statement (i) follows
immediately. Comparison with 1.3.3 proves (ii). Part (iii) follows by well known

properties of the symmetric polynomials. Formula (iv) follows from the fact that
t — 1 —t is an involution. O

In these terms, the augmentation ideal J C R(U(n)) is J = (c,... cl) and
A" =1 mod J, relating the two descriptions of K°(BU(n)) as the power series ring
on the ¢ and as the completion R(U(n))}.

The Chern classes ¢ have a long history. See [19] for a comprehensive dis-
cussion and bibliography. They are usually defined in terms of the Grothendieck

~v-operations. Recall that these are defined by setting
(V) = Aya-0(V)
and letting v*(V') be the coefficient of t':

(V) = E (V)t*
In these terms our Chern classes would be c?(V) = ~¢(|V| — V), which accords well
with our other sign conventions. In partlcular c‘V|( ) = e(V), the Euler class of
V. The other convention which is commonly used, ¢;(V) = ~(V — |V]), differs by
(—1), so satisfies ¢y (V) = (=1)IVIe(V).

It is perhaps worth finishing by commenting on the ring which models the Euler
and Chern classes.

REMARK 1.3.8. A zeroth approximation to the ku-theory Chern subring is
given by considering the subring of K& = R(G)[v,v~!] generated by v and the first
Chern classes ¢1¢ (V) = v=(|[V| — V). This is called the Rees ring Rees(R(G), J),
and is a familiar example in algebraic geometry of a blowup algebra. We may
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consider the ideal I generated by the Chern classes ¢1(V) (i.e. the augmentation
ideal J in degree —2). The completion of the ring Rees(R(A), J) at I is equal to
ku*(BA) if A is abelian and of rank 1.

For non-abelian groups, it is more natural to consider the subring of K& =
R(G)[v,v~'] generated by v and all the Chern classes ¢:*¢(V). We call this the
modified Rees ring M Rees(G). This is equal to the Rees ring if G is abelian.
We let I be the ideal generated by the Chern classes, and then the completion
of the ring M Rees(G) at I is equal to ku*(BG) if G is of rank 1. However nei-
ther Rees(R(G),J) nor M Rees(G) has any Z or v torsion, so neither are good
approximations to ku*(BG) if G is of rank > 2, even if it is abelian.

More generally, M Rees(G) is not even a model for the subring of Chern classes.
For example we shall see in Chapter 2 that the Euler class ey, (7) of the three
dimensional simple representation of A4 is non-zero (since ey (7) # 0), but maps
to zero in periodic K-theory.

Corollary 1.1.3 gives a first approximation if A is abelian: ku*(BA) has a
subring isomorphic to the completion of

ku*le(a) | @ € A*]/ (e(e) + e(B) = e(af) + ve(a)e(B) |a, B € A¥),

and every element of ku*(BA) has a power in this subring. It is proved in [27]
that this subring is the universal ring L'} for multiplicative A-equivariant formal
group laws in the sense of [11]. The comparison with the zeroth approximation
corresponds to the map from ku*(BA) to its image in K*(BA). It is given by the
natural map

LY — Rees(R(A),J) = M Rees(A)

which is an isomorphism if A is topologically cyclic and not otherwise. Now
(L")} = ku*(BA) if A is of rank < 2 and we have equality in even degrees if
A is of rank < 3. However the example of elementary abelian groups in Chapter 4
shows that the completion of L'} is not a good approximation to ku*(BA) if A has
rank > 4.

Next, we note that ku*(BG) is often non-zero in odd degrees, even for abelian
groups, so none of these models is correct. It is natural to seek a model for the odd
dimensional groups by interpreting L’y as the ring of functions on Hom(A*, G,,)
where G,,, is some form of the multiplicative group.

In view of the complexity of the Chern subring of H*(BG;Z), it seems hopeless
to attempt to give a purely algebraic model. A crude approximation is the limit
of the Chern rings of abelian subgroups (see Green-Leary [21] for more substantial
results in this direction).

1.4. Bockstein spectral sequences.

Bockstein spectral sequences have a special property, the ‘Tower Lemma’, which
we shall exploit in our proof that connective K-theory satisfies the Kiinneth theorem
up to varieties. A first step in the proof is the corresponding fact for integral
cohomology, which we prove at the end of this section using the Tower Lemma.

Let R be a ring spectrum, and let @ € R~%. We then have a cofibre sequence
of R-modules

YR % R -2 R/a -2 ©HHIR,
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We organize these into an inverse system
R & YR
! ! !
R/a YR/a Y24 R/a
which we think of as an R/a-Adams resolution of R.

DEFINITION 1.4.1. The a-Bockstein spectral sequence, BSS(a), for R is the
spectral sequence of the exact couple obtained by applying [X, —]* to this diagram.

PROPOSITION 1.4.2. BSS(a) is a spectral sequence of R*-modules with
B} = (R/a)'#(X),
dr . Es,t N Es—i—r,t-{-l

and EX' an associated graded group of R'(X)/(a-divisible elements).

~— Y¥MR &

Proof: The key fact is that there is a map R A R/a 2% R/a making the diagram

1Aa
—

RAYIR RAR — RAR/a — RAX™R

! | 1 ta !
Y»rR % R — R/la — X¥IR

commute. Indeed, the commutativity of the left square implies the existence of .
This means that the maps in the lower cofibre sequence induce R*-module maps
in homotopy. Since the differentials are composites of these maps, the spectral se-
quence is one of R*-modules. The description of the F, term is evident from the
exact couple. ([

Note that we are not asking that R/a be an R-algebra, or that the differentials
be derivations. For these properties stronger assumptions on R are required, but
we do not need these properties here.

We may succinctly describe the F; term as

Ey = (R/a)"(X) ® Z[a]
where (R/a)*(X) is in filtration 0 (i.e., E)"" = (R/a)!(X)) and a is in bidegree
(1, —d). Here the R* action is such that if x € R*X is detected by Z ® a’ then ax
is detected by T ® a**!. This follows from the simple fact that if z : X — R lifts
to 7 : X — YR, then Y97 : 24X — ROFDIR ig a lift of az.
EXAMPLE 1.4.3. The Bockstein spectral sequence BSS(p) for HZ is obtained
from the cofibre sequence
HZ -2 HZ — HF,.
It has
Ey = HF;(X) ® Zlho] = HZ"(X)/(p-divisible elements)

Here, we violate our abuse of notation since the name hq is so well established as
the associated graded representative of 2 in an Adams spectral sequence. This is
just the ordinary mod p Adams spectral sequence

By = Exta(HF,HZ, HF (X)) = Extp(q,) (Fp, HF, (X)) = HZ*(XQ)
which is a much more structured form of the ordinary mod p Bockstein spectral

sequence, as its Fo, term is an associated graded of the object being calculated,
unlike the traditional Bockstein spectral sequence which requires that you interpret
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E, and the boundaries in each FE, in a special way in order to determine the
module being calculated. The multiplicative structure is thereby also made more
transparent. Further, it can be compared to other Adams spectral sequences by
forgetful functors, e.g., from E[Qq, @1]-modules to E[Qo]-modules.

EXAMPLE 1.4.4. The Bockstein spectral sequence BSS(v) for ku is obtained
from

S2ku > ku 25 HZ
Here
E, = HZ*(X) ® Z[v] = ku*(X)/(v-divisible elements)
This is a mildly disguised form of the Atiyah-Hirzebruch spectral sequence
H* (X, mku) = ku*(X)

since the inverse system is the dual Postnikov tower for ku.

EXAMPLE 1.4.5. The Bockstein spectral sequence BSS(n) for ko is obtained
from the cofibre sequence

Yko —5 ko - ku — X2%ko

in which ¢ is complexification and vr is realification. The reader who has not
computed the spectral sequence

ku* © Zln] = Zv,n) = ko* = Zln, . B)/(2n,1*, na, 0> — 48)

is encouraged to complete this entertaining exercise.

ExaMPLE 1.4.6. The Bockstein spectral sequence obtained from the cofibre
sequence

S0 2,80 809 gt

is a good example of the sufficiency of our minimal hypotheses. Since (5°/2)" = Z/2
and (S°/2)? = Z/4 it is clear that S°/2 is not a ring spectrum. It is also initially
surprising that F, is the graded group associated to 2-divisibility, since E; is not
a Z/2-vector space. However the differentials rid the spectral sequence of these
anomalies.

LEMMA 1.4.7. (The Tower Lemma) If x € R*(X) is detected by T € E3%! of
BSS(a), then there exists y € R*X such that © = o®y and 0 # p(y) € (R/a)*X.
Proof: By the long exact coefficient sequence, either p(z) # 0 and we are done,
since s must then be zero, or x = ay and we may iterate this argument. O

Since the element y of the lemma will be detected in filtration 0, we have the
slogan “All a-towers originate on the 0O-line in the Bockstein spectral sequence”.
We emphasize that filtration in BSS(a) exactly reflects divisibility by a.

The tower lemma together with a vanishing line for BSS(p) now allow us to
prove that the Kiinneth homomorphism is a V-isomorphism for abelian groups.

LEMMA 1.4.8. I?Z*(BG) is annihilated by |G|. O

COROLLARY 1.4.9. If N = 1,(|G]), the exponent of p in the order of G, then
in BSS(p) for ﬁ*(BG), EY =EX and ESF =0 for s > N.
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Proof: Since pVx = 0 for any p-torsion element x € HZ*(BG), the spectral se-
quence must collapse at En. The Tower Lemma 1.4.7 implies that filtrations s > NV
are 0. (]

Now, let A= CM x ... x C" be a product of cyclic groups.
THEOREM 1.4.10. The Kiinneth homomorphism
kp: HZ*(BCY)® ... @ HZ*(BC™) — HZ*(BA)
is injective, and every element of HZ*(BA) has a power in the image.
Proof: Since HZ* = Z is of homological dimension 1, kg is injective.
Now, suppose that x € HZ*(BA). We first show that if p'z = 0, then z" €

im(kg) for some n, using the mod p Bockstein spectral sequence. We may assume
for this that A is a p-group. We then have

HF,(BA) = Elz1,...,2:] ® Ply1, ..., yr]

(unless p = 2 and C® has order 2, in which case z; is a polynomial generator and
we retain the notation y; for 27). If z € HZ*(BA) has positive filtration in BSS(p)
then %V = 0 by Corollary 1.4.9, and this is in im(kz).

Since HZ*BC = Z[y]/(ny), where n = |C|, the image of kp is the subalgebra
generated by classes which reduce mod p to the y;’s. Thus, if € HZ*(BA) has
filtration 0 in BSS(p) then 0 # p,(z) € HF;(BA), and p,(2P) lies in the polynomial
subalgebra. Hence there exists z € im(ky) with 2P — z of positive filtration in
BSS(p). Taking m to be a power of p greater than or equal to N, the equation
0= (aP — z)™ = xP™ — 2™ then shows that zP™ € im(kp).

Finally, for general A, any element x € I?Z*(BA) is the sum of elements of
prime power order. Now, if p;z; = 0 with (p;,p;) = 1 for i # j, then z;2; = 0 for
i # j. Hence, (z1 + -+ a5)N =2 + -+ 2}, and the result follows. O

1.5. The Kunneth theorem.

We saw in 1.4.10 that if A = C() x C?) x ... x C") then HZ*(BA) is well
approximated as a ring by the tensor product of the factors. The purpose of this
section is to prove the analogous result for ku*(BA).

For any ring spectrum F there is a Kiinneth map

kp: B (X)®p E*(Y) — E*(X xXY).
If X and Y are infinite complexes it is appropriate to take into account the skeletal
topology. If the target is complete, the map factors through the completed tensor
product giving a map

hp: B*(X)®p-E*(Y) — E*(X xY).
This completion has no effect for ordinary cohomology.

THEOREM 1.5.1. The map
R : kU (BC)®pys - - - @purku* (BC™) — ku*(BA)

is injective, and every element of ku*(BA) has a power in the image. Accordingly
Ry induces an isomorphism of varieties.
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First we remark that this is not a formality. For well behaved theories such
as ordinary cohomology and connective K-theory [52] the map kg is the edge
homomorphism of a Kiinneth spectral sequence

Torys (E*(X),E*(Y)) = E*(X x Y).

Although the filtration of the spectral sequence is multiplicative, it provides no
useful progress towards our result, since the image of kg is the bottom filtration
rather than the top subquotient.

For integral cohomology the Kiinneth spectral sequence is a familiar short exact
sequence since HZ, = 7Z is of flat dimension 1. On the other hand ku, = Z[v] is of
flat dimension 2, so we generally expect a non-trivial differential.

LEMMA 1.5.2. If C is a cyclic group then ku*(BC) is of flat dimension 1 as a
complete ku*-module.

Proof: The ku*-module ku*BS* = ku*[[2]] is the completion of a free module and
hence flat. The Gysin sequence

ku*(BSY P put(BSY) — ku*(BCO)
gives a flat resolution of length 1. O

COROLLARY 1.5.3. There is a short exact sequence
0 — ku*(BC)@pu- ku* (X) — ku*(BC x X) —> Torpy- (ku*(BC), ku*$X) — 0.
O

Next we deal with the easy case of negative codegrees. The good behaviour
comes from that of periodic K-theory.

LEMMA 1.5.4. With A as above, we have the decomposition
R(A) = R(CY)®-- @ R(C™M),

and the augmentation ideal J(A) is equal to the sum of the ideals J(CM), ...,
J(CM),

After completion this gives a more directly relevant result.

COROLLARY 1.5.5. There is an isomorphism
R(A)5 4y = RIC) ) gan@- - @RC)) oy,
and therefore
K%BA) = K%BCM)& .- &K°(BC™)
and K gives an isomorphism
K*(BA) 2 K*(BCW)@py -+ O K*(BCW). O

Using the fact that ku is the connective cover of K we immediately obtain a
comparison.
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LEMMA 1.5.6. If m > 0 and X is a space then
ku™?™(X) = K~2™(X).
If X is a connected space (such as BG) then in addition ku?(X) = K2(X). O

This is enough to show that the Kiinneth map is an isomorphism in positive
degrees.

COROLLARY 1.5.7. If m > 0 then
Rru : (ku* (BC)@pye -+ @pye ku* (BC)) 72 =, k2™ (BA).
Furthermore, if m = 0 the tensor product may be taken over ku® = Z:
Rk ku(BC)& -+ @ku®(BC™M) = ku®(BA).

Proof: We argue by induction on r. Indeed we have a diagram

ku=?™(BCM)&ku(X) — K=2m(BCW)RK°(X)

o~

!
(ku*(BO) &gy ku* (X)) 2" —  (K*(BOM)@pyu K*(X)) ™2™
Rk | N | ki

ku=2m(BC™M x X) — K=2"(BCW x X).

It suffices for the first statement to show that K, is an epimorphism since we
know by 1.5.3 that it is a monomorphism. If we assume that Zx is an isomorphism,
this follows from the upper route round the diagram, where the upper right vertical
isomorphism follows from Bott periodicity. O

We are now ready to turn to the main proof. First, we have an immediate
consequence of the fact that ku*(BA) is Noetherian.

LEMMA 1.5.8. There is a bound on the v-power torsion in ku*(BA). More
explicitly, there is a number N, so that for any x € ku*(BA) if v™No+"z = 0 then
vNvw = 0. Accordingly the ideal (vI¥*) has no v torsion. O

The main technical ingredient is as follows.
PROPOSITION 1.5.9. The ideal (v)¥) in ku*(BA) lies in the image of fpy -

(™) C im(fgy).

Proof: Note that this is a trivial consequence of 1.5.7 in negative codegrees, so it
suffices to consider what happens in codegree 2m with m > 0.
We begin with some results comparing filtrations.

LEMMA 1.5.10. In ku’BG we have the equality
() = J(@).
Proof: Consider the diagram
ku?*(BG) - ku®(BG) — H°(BG;Z)
1 1=
kul(x) —  H°%;Z)
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By definition .J(G) is the kernel of the left hand vertical, so the result follows from
the two isomorphisms and the commutativity of the square. (I

There are three filtrations we need to consider on ku’(BG)
(i) the J(G)-adic filtration, with nth term J(G)"
(ii) the skeletal filtration, with nth term
Sk* ! = ker(ku’(BG) — ku®(BG*"™1))
(iil) the v-filtration
(0) 2 (v*)° 2 (") 2 (v1)° 2+

We summarize some well known relations between the filtrations.

LEMMA 1.5.11. (i) The J(G)-adic and skeletal filtrations on ku’BG define the
same topology, and the module is complete and Hausdorff for it. Furthermore, the
v-topology is finer than the skeletal topology in the sense that (v™*)° C Sk?"~1.

(i) If G = A is abelian the J(A)-adic and skeletal filtrations are equal. In particu-
lar, for any n we have (v™)° C J(A)".
Proof: The Atiyah-Segal completion theorem shows that the J(G)-adic and skeletal

filtrations on K°(BG) = ku®(BG) define the same topology, which is complete and
Hausdorff. Now consider

MEN(BG) S kO(BG)
1 1
N

kuN (BGErD) 2 gu®(BGEY),
Since (v™)? is the image of the top horizontal in the diagram, and since the group

Eu?N(BG®"=1D) = 0 for 2N > 2n — 1, it follows that (v™)° C Sk?"—1.
If A is abelian, Atiyah [2] shows that the skeletal and J(A)-adic filtrations on
K°(BA) = ku®(BA) agree; this is easily seen for cyclic groups from the Gysin
sequence, and it follows in general by the Kiinneth isomorphism for K°. (Il

For cyclic groups we can easily obtain an explicit containment between the
topologies in the other direction. Notice that (v?)? is not the ith power of an ideal,
so the result is not a direct consequence of 1.5.11.

LEMMA 1.5.12. If C is a cyclic group then J(C)" C (v*)°.

Proof: The ideal J(C) is the principal ideal generated by the degree 0 Euler class
VY. O

Now, to continue the proof of 1.5.9, consider the diagram

(®} ku*(BC1))0 = ku®(BA)
o™ ] T o™
(@] ku*(BCW)m  —  kuPm(BA) 2 (M)
ol 7 T oM
(®; ku*(BC(i)))2(N”+m) N Ly 2(Nwt+m) (BA)

By 1.5.11 (vNv+™)0 C JNe+m for all m. We show that any s € (v™*)?™ lies in the
image of the Kiinneth map. Because of the isomorphism 1.5.7 at the top, vs =
Rku(Batia®: - ®tr). Since v™s € (v T™)0 C J(A)NeFt™ and since J(A)No+™ =
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Yot dar=Nytmdy Jg? - J¢ by 1.5.7 we may suppose tio € J(C@)ai Since
J(C@)ai C ()0 by 1.5.12, we may choose i, € ku*(BC®) so that

1o @ R tra :’UNU+mu1a® @ Ura.

Taking
U= Dgtlq @ ® Upy € (® ku*(Bc(i)))ﬂNv-i—m)
1
we find
s = fpu (0N u) = vV Ry (u) € (0N0)2T
with v™(s — s’) = 0. Since v is injective on (v™V*) by choice of N, we have s = s’
as required. This completes the proof of 1.5.9. O

The corresponding result for an ideal generated by a power of p is rather simpler
because all comparisons can be done in a single degree.

LEMMA 1.5.13. For an abelian p-group A, let E(A) = (eku(a) | € A*). There
is a number N, so that pNeE(A)Nv C (vNVv). Accordingly the ideal p»E(A)N> has
no v torsion.

Proof: If « is of order p’ then p’e(«) is divisible by v from the relation 0 = e(a?’) =
(1— (1 —wve(a))P)/v. O

Proof of 1.5.1: Now we can complete the proof of the main theorem of the section.
Suppose z € ku™(BA): we must find a power of z in the image of R,. We may
suppose n > 2 by 1.5.7.

If A is not a p-group, the map

\/ B(Ay)+ — BA,
pllAl

of spaces is a based stable equivalence. It follows that the Kiinneth map for the
decomposition I, A, is an isomorphism. We may choose the decomposition of A
as a product of cyclic factors so as to respect this, and it follows that it suffices to
deal with the case that A is a p-group.

If z € (v) then zVv € (v™) and we are done by 1.5.9. Otherwise x is
not a multiple of v so that py(z) # 0. Hence p(z?) € im(kg) for some g by

1.4.10, and indeed, we may suppose pg(x?) = pleg(a1),em(az),...,em(ar)) for
some polynomial p with degree > N,. Hence 27 — y is divisible by v, where
y = plegu(ar), epu(az), ..., exu(ar)), and we have 2?9 = y + vz’. We now show

that (Iq>pM lies in the image of &y, for M sufficiently large. Indeed, if p™ > N,,
we have

M M
()" =y + (p1 )yMw * (pz )pr_z(m,)g oo

M
(o

By definition pr lies in the image of A, and vNvz lies in the image of A, by
1.5.9, so it remains to deal with the other terms. By 1.5.13, it suffices to choose M



26 1. GENERAL PROPERTIES OF THE ku-COHOMOLOGY OF FINITE GROUPS.

so that

pM
< >:0modeP for 0 < i < N,.
)

This is easily done by taking M > N+ v,(N,!), since the binomial coefficient (pi‘/f)
is a multiple of p™ divided by 4!. |



CHAPTER 2

Examples of ku-cohomology of finite groups.

In this chapter we give exact calculations of cohomology rings of some small
groups. In Section 2.1 we describe the general procedure for calculation, but roughly
speaking it involves using the ordinary cohomology to give the Es-term of an Adams
spectral sequence, an analysis of which gives a generating set. For the multiplicative
structure the comparison with periodic K-theory is essential; the Euler and Chern
classes play a role in both parts of the process.

The groups we consider are the cyclic groups (Section 2.2), the non-abelian
groups of order pq (Section 2.3), the quaternion 2-groups (Section 2.4), the dihedral
2-groups (Section 2.5), and the alternating group A4 (Section 2.6). All of these are
of rank 1 or 2, and it is striking that the answer is so complicated even in such
simple cases. The comparison with periodic K theory is much less powerful in
higher ranks, and we only treat elementary abelian groups. Even for these, we have
to work harder for our results, and accordingly we devote Chapter 4 to this case.

Results for many other groups can be deduced by reducing to the Sylow sub-
groups or their normalizers. For example, we can compute ku*BSLs(3) since
we know ku*BQs and ku*BCj3. We get ku*BSLa(q) (2¢)-locally and ku*BY,
(q(g — 1))-locally when ¢ is prime.

From our calculations it will be apparent that ku*BG is something like a Rees
ring with respect to the augmentation ideal. For the cyclic group, it is exactly the
Rees ring. However, there are two reasons it is not the Rees ring in general: firstly
because non-abelian groups have simple representations of dimension more than 1,
and secondly because of torsion.

For example, the representation rings of Qg and Dg are isomorphic as aug-
mented rings, yet their connective K-theories differ, even though they are both
generated by Euler classes. One reason is that the exterior powers of their two di-
mensional simple representations behave differently. This means that their Chern
classes also behave differently. To see the relevance of this one may consider the
universal case, U(n). In R(U(n)), the augmentation ideal is J = (cy, ..., ¢y), where
the ¢; are the Chern classes. The class ¢; is divisible by exactly v’ in connective
K-theory. This suggests a natural modification of the Rees ring construction which
we intend to pursue further elsewhere. The second reason is due to the difference
in ranks, leading to v-torsion in ku*(BDsg). Similarly, the rings ku* BV, ku* BDan,
and ku*BA4 all contain v-torsion.

Even this is not the whole story. For example, the rings ku*BV, with V
elementary abelian, and ku*BA, contain elements not in the Chern subring. One
might hope to explain all this by a topological modified Rees ring construction,
whose homotopy is the target of a spectral sequence involving derived functors of
the modified Rees ring.

27
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The general pattern that emerges may be summarized by considering the short

exact sequence
0 —T— ku"(BG) —Q —0

of ku*(BG)-modules where T is the v-power torsion. Thus @ is the image of
ku*(BG) in K*(BG), and in many cases (A4 is the only exception amongst the
groups we consider) it is the modified Rees ring of K*(BG) generated by 1,v and
the Chern classes of representations with ¢; placed in degree —2i. Although T is
defined as the v-power torsion, when G is a p-group it turns out to be the (p,v)-
power torsion. If GG is of rank 1, T'= 0, and if G is of higher rank, its growth rate
is polynomial of degree r — 1.

2.1. The technique.

Our calculations of ku*(BG) start from the (ordinary complex) representation
ring of G and the mod-p cohomology of BG for each p dividing the order of G. The
representation ring R(G) gives the periodic K-theory K*(BG) = R(G)}[v,v™!] by
the Atiyah-Segal Theorem. The mod-p cohomology ring gives the F5 term of the
Adams spectral sequence

Ext’y*(H* (ku), H* (BG)) = ku*(BG)).

Calculation of the F5 term is generally simple, and the differentials are accessible by
various means, primarily the Bockstein spectral sequence B.SS(p), stable splittings
of the spectra involved, periodicities coming from Thom isomorphisms, and our
knowledge of K*(BG) = ku*(BG)[1/v]. The E, term of the Adams spectral
sequence gives an additive generating set for ku*(BG) and determines much of the
ku*-module structure and some of the multiplicative structure. The relation to
periodic K-theory and to cohomology then allows us to complete our calculation
of the ring ku*(BG). The additive generating set given by the Adams spectral
sequence gives us control over the order of the torsion and divisibility. The fact
that the ku-theory Euler classes and Chern classes specialize to those in cohomology
and periodic K-theory is important here.

Since the same methods apply to all the calculations, we discuss the preceding
outline of the Adams spectral sequence calculation in more detail before proceeding
to the special cases. For the rest of this section all spectra are completed at p. To
compute the Adams spectral sequence

Ext’"(H*(ku), H*(BG)) = ku*(BG))
we need the p-local Adams splitting
(1) ku ~ 1V XA v ... v p2r-2)
and the fact that H*(l) = AEQ(%)FP, where E(1) = E[Qo, Q1], the exterior algebra

on the Milnor generators () and (1. A standard change of rings argument then
gives

Ext}y"(H* (1), H*(BG)) = Exty,, (F,, H*(BG)).

This is easily calculated since bounded below E(1)-modules of finite type are sums
of free modules and ‘lightning flashes’, or ‘string modules’ [1]. The latter modules
are at most one dimensional over [, in each degree, and are determined by a finite
or infinite ‘string’

o 1Qy ' Q1Qy Q1 - -
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FIGURE 2.1. The bi-infinite string module - -- Q1Qp 'Q1Qp ' Q1 - - -
(where Qg is denoted by straight, and @1 by curved arrows).

O O—=0 O  O—0 O
1 0 \qu 2q w 4q
FIGURE 2.2. The module L (¢ =2(p — 1)).

which connects all the elements in the module (see Figure 2.1). Those which are
bounded below either start with @y L or @1, and those which are bounded above
either end with Q) L or Qq, giving four families of finite strings distinguished by
length, two bounded below semi-infinite strings, two bounded above semi-infinite
strings, and a single string module infinite in both directions. We will let L denote
the bounded below module corresponding to the string QalQlQalQl -+« with
initial class in degree 0 (see Figure 2.2). This is E_Qﬁ*(BCg) at the prime 2, and
is a desuspension of H* (B) at odd primes, where B is an indecomposable summand
of BC).

The ground field F,, is the string module corresponding to the empty string.
This gives the Adams spectral sequence converging to the coefficients,

Extga)(lﬁ‘p,lﬁ‘p) = Fplao, u] = 1" = Z)[u]

(see Figure 2.3) with ay € Ext"! detecting the map of degree p, (we write hg rather
than ag, and v rather than u when p = 2), and u € Ext"?’~! detecting vP~!.
The Adams spectral sequence must collapse because it is concentrated in degrees
divisible by q. When p = 2, this gives

Ext* (H*(ku),Fg) = Fa[ho, v] = ku* = Zj [v]

(see Figure 2.3 with u = v and ¢ = 2). If p > 2, then in terms of the splitting (1),
the map v : L2ku — ku is

0 0 0 u
10 0 0
0 1 0 0
00 --- 10

It follows that multiplication by v in the Adams spectral sequence

Ext’' (H* (ku), H* (o)) = ku~ ("% (o)
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u“,
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FIGURE 2.3. The Adams spectral sequence for [*.
u—vp'%
u:Vp'}r‘_/,//(D%ﬁu?
,—/""‘7/_7 v
uzvp‘lr‘_/‘,lryg?uv—\)? nen ?\)
O‘V'%‘(/v . . &
0 2 4 v g2 q g2 q+4 v 22 2 242

F1GURE 2.4. The Adams spectral sequence for ku*.

maps each of the first p — 2 summands isomorphically to the next, preserving
filtration, and maps the last summand to the first by multiplication by v?~! = u,
raising filtrations by 1. For the coefficients ku*, the result is

Ext’y" (H* (ku), Fp) = Fylao, v, u]/(vP~") = ku* = Z)[v]

(see Figure 2.4).
The cohomology Extgz‘l)(Fp,M ) of each of the string modules M is readily

calculated as a module over Extg?l)(lﬁ‘p, F,). Thus, decomposing H*(BG) as a sum
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of indecomposable E(1)-modules gives us the E3 term of the Adams spectral se-
quence for ku*(BG). To determine the differentials, the first observation is that
stable splittings of BG restrict the possibilities. Stable splittings of ku A BG restrict
them even further in some cases (e.g., G = A4 or elementary abelian). The next
observation is that the higher Bocksteins in ordinary cohomology imply certain dif-
ferentials in a manner described below. Having applied these differentials, we can
then show, in the cases we study, that the relation to periodic K-theory implies no
further differentials can occur. This is in contrast to the case of real connective
K-theory ko*, where a second set of differentials intervenes to impose the relations
involving 7 [6].

There are no convergence problems, despite the fact that ku*(BG) is un-
bounded both above and below, since HLZ(BG(")) is finite if n > i, where BG(™
is the n-skeleton of BG. Thus, the inverse system {ku*(BG(™)} is Mittag-Leffler,
and we may compute

ku*(BG) = lim ku*(BG™).
n
Convergence also makes it easy to use duality between the ku-cohomology and
ku-homology of BG. In particular, information about differentials in the Adams
spectral sequence converging to ku.(BG) can be dualized to yield information about
the differentials in the Adams spectral sequence converging to ku*(BG). This is
how splittings of ku A BG are relevant to ku*(BG) = m.(F(BG, ku)).
A situation which will occur repeatedly is the following. Write the cohomology

of X as the sum of a module M with no E(1)-free summands and a free module
over E(1),

H*(X) =M o @x"EQ).

Then Margolis’ theorem about Eilenberg-MacLane wedge summands [43] implies
that there is a corresponding decomposition,

kuhX ~ X v \/S"HF,.

Each E(1) in the decomposition of H*(X) gives rise to p — 1 copies of F,, in fil-
tration 0 of the Adams spectral sequences converging to ku*(X) and ku,(X). The
decomposition of ku A X shows that these classes do not support any differentials in
the spectral sequence for ku,(X). By S-duality, the classes do not support any dif-
ferentials in the spectral sequences for ku.(DX) or ku*(X) either. Similarly, there
are no hidden extensions involving these classes. They detect classes in ku.(X) and
ku*(X) which are annihilated by p and v.

This duality is involved in the relation between the Bockstein and Adams
differentials as well. May and Milgram [46] have shown that above a vanishing
line determined by the connectivity of the spectrum, there is a one-to-one corre-
spondence between the hg-towers in the E,.-term of the Adams spectral sequence
Exty"(H*(X),F,) = m.(X) and the r-th term of the Bockstein spectral sequence
BSS(p), and that under this correspondence the Adams and Bockstein differentials
agree. An ho-tower is a set {hjz|i > 0} in which all h{z # 0, under the obvious
equivalence relation of cofinality. We are applying this to the spectral sequence for
1.(X) = m (I A X) and using the change of rings isomorphism

Exty" (4 ©pa) H*(X).F,) = Exty, (H*(X),F,)
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to compute Fs. This introduces a twist to the Bockstein lemma of May and Mil-
gram. The Kiinneth theorem gives

HY(IAX) = H()® H (X) = (A@pq) Fp) ® H (X).

In order to convert this to the form needed by the change of rings theorem, we must
use the isomorphism

0: (A®pn) Fp) @ H'(X) — A®pq) H'(X)
given by (a ® z) = Ya’ ® a”’z, with inverse 67 (a ® r) = Ya’ ® x(a” )z, where the
coproduct on a is ¥a’ ® a”. Therefore, when we compute E as Extp(q), the Bock-
stein which determines the Adams differentials is the usual Bockstein conjugated
by 6, namely B: =0"15,6.

The Bockstein spectral sequence for ku is well known [1] to collapse at E5, with
FEy = E. spanned by the equivalence classes of Sq¢?"t, where ¢ € H%(ku) is the
unit. Clearly S¢?": must therefore detect v™ in the Adams spectral sequence for
m(ku), and by the fact that the Adams spectral sequence is multiplicative, we see
that a tower corresponding to a class S¢*>".® x is v™ times the tower corresponding
to x.

Once we have E., of the Adams spectral sequence, we know classes which
generate ku*BG, and the next task is to determine the multiplicative structure.
In addition to ad hoc methods, two general techniques are used. First, whenever
V" : ku?BG — ku®BG is a monomorphism, we may simply compute in ku’BG =
K°BG = R(G)%. Second, we have a useful consequence of a version of Frobenius
reciprocity.

LEMMA 2.1.1. IfV is a representation of G whose restriction to a subgroup H
contains a trivial summand, and 8 € R(G) is induced up from H, then feg, (V) = 0.

Proof: The untwisting isomorphism allows us to calculate
Be = (8'15)e
= (Feli)1h
0
where e = ep,, (V). O

2.2. Cyclic groups.
The Gysin sequence of the sphere bundle
S(a™) = BC, — BS' 2 Bgt.

associated to the n'" tensor power of a faithful simple representation «, splits into
short exact sequences because the [n]-series is not a zero divisor. This provides
presentations of K*(BC,,) and ku*(BC,,):

K*(BCy) = Zv, o [le]l/([n](€)) = Z[v, o [[e]] /(1 = (1 = €)"))
and, sitting inside it,

ku*(BCy) = Z[v][[y]]/([nl(y)) = Z[v][[yl] /(1 = (1 —vy)")/v)
where y = egy (@) € ku?(BC,,), and e = veg (a) = (1 — a) € K9(BC,,).



2.2. CYCLIC GROUPS. 33

/’70
T vy
e e
vy 2
prel el
//,7 ///7 /,/vy "
o o o o’
3 2
y y y 1
6 4 2 0 -2 -4

FIGURE 2.5. The Adams spectral sequence for ku*(BC3).

This calculation could equally well have been done using Lemma 2.1.1. Take
V = « and p the regular representation. Then y = ey, (a) satisfies & = 1 — vy, and
hence

n—1

n—1
; 1—=(1-vy ; 1—=([1—=vy)"
N N Y (EL7) R B (1
0 0

We shall also compute the Adams spectral sequences for the cyclic groups, even
though we already have complete information, because we shall need to know how
the Adams spectral sequence computation goes for cyclic groups in order to use
naturality later.

For the Adams spectral sequence calculation, we may as well restrict atten-
tion to the primary case. Let us write H*(BCyx) = E[z] ® Fply] if p* # 2 and
H*(BC3) = Fa[z], where x € H' and y € H?. In the latter case, let y = 2. Recall
that we have chosen compatible orientations for ku and HZ, so that y € ku?(BC,)
maps to y € H?(BC,,), making this ambiguity in notation tolerable.

If we start the Adams spectral sequence at Ey then BC), and BCx, for k > 1,
appear different. However, if we start the Adams spectral sequence at F; using the
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FIGURE 2.6. The Adams spectral sequence for ku*(BCy).

Adams resolution obtained by smashing BCx with the canonical Adams resolution
of a sphere, then we can state the result in a uniform manner.

THEOREM 2.2.1. In the Adams spectral sequence
Exty"(H* (ku), H*(BCyr)) = ku*(BCy), = Zp[v][ly]]/([P*]y)

Ey = Ey, Erv1 = Ex, di(zy™ 1) = hfy"™ — hlg_lvy”le if p=2, and di(zy" 1) =
algy" — ag_lvp_ly""’p_l if p > 2. Multiplication by v is a monomorphism on
E.. The edge homomorphism ku*(BCy.) — H*(BCyx) maps y € ku*(BCp) to
y € H*(BC,) and has image Fyly]. As a ku*-module, ku*(BCpx) is generated by
{y' |i>0}.
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Proof: It is simplest to describe the calculation completely for the prime 2, fol-
lowed by the changes needed for odd primes.

With the Adams resolution we have chosen, we have E; = H*(BCy: ) ®Z[hg, v].
We want to show that dy(zy™') = hfy" — hE"tvy"*1. The first term follows
directly from the cell structure of BCs«: each even cell of BCyx is attached to the
cell directly below it by a map of degree 2¥. The other term follows by examining
the filtrations of the terms in the [2¥]-series

ok ok k1 ok
2ky—(2>vy2+<3>v2y3—---—v2 1y2 )

The filtration of
219
i—1, 4
.U Yy
)

is 1o (2:) + i — 1, where v5(n) is the exponent of 2 in the prime decomposition of
the integer n. It is easy to check that this filtration is k£ for ¢ = 1 or 2, and is
greater than k when i > 2. The differential dy(z) = hfy — hf~'vy? follows, and
the other di’s follow from the ring structure. The resulting Ej 1 is concentrated in
even degrees, so the spectral sequence collapses at this point. Further, it is evident
that v acts monomorphically. For later reference, let us note that when k£ = 1 this
amounts to the calculation

Exty?,) (Fa, H*(BCy)) = Falho, v.y]/(vy? — hoy)

which could also be deduced simply from the operations Q¢(z) = y = 2? and
Q1(x) = % = 2*. The 2-primary result is illustrated in Figures 2.5 and 2.6.

When p > 2, we have the splitting (1) of ku and a splitting of BC:
(2) BCy =By V -+ V B4,
where B; has cells in dimensions congruent to 2¢ — 1 and 2¢ modulo 2(p — 1). As
an E(1)-module, each H*(B;) is the odd primary analog of H*(BCs:). The odd
primary calculation of [*(B;) is then exactly analogous to the 2-primary calculation
of ku*(BCy), and the ring structure allows us to assemble these into a calculation
of ku*(BCx). The details are as follows.

LEMMA 2.2.2. (Ossa [48]) There is a homotopy equivalence ku A B; ~ ku A
S2B;_q fori=2,...,p—1. When k =1, H*(B;) = %L as an E(1)-module, where
L is the semi-infinite string module starting in degree —1 as in Section 2.1.
Proof: The cohomology isomorphism is clear. The Thom complex of the line
bundle over B = BC,» obtained from the representation o is B/ B!, the quotient
of B by its 1-skeleton. The ku Thom isomorphism implies that

ku AY?B, ~ kuAB* ~ kuA B/B".
Comparing summands in the splitting (2), the result is immediate. O

Now, the calculation of the Adams spectral sequence

EXtEa) (Fp, H*(B1)) = I"(B1)

works exactly as in the 2-primary case. The [p"]-series decomposes exactly as BC,x
does (2), the terms relevant to B; being

k p* p—1,p p* i(p—1), 1+i(p—1) pF—1, p*
— P~ 4o UP— UP—H P T
vy <p> Y (z(p—1)+1> Y Y
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FIGURE 2.7. The Adams spectral sequence for ku*(BC5).

and it is a simple matter to check that the lowest filtration terms here are those
which correspond to the differential di(r) = afy — algflvp_lyp. As for p = 2,
multiplying this relation by powers of y implies the remaining differentials. The
rest of the theorem follows exactly as when p = 2, though the splitting (1) means
that more information is filtered away in the Fs term. Explicitly,

Ext)’ (H* (ku), H*(BCy)) = Fylao, v, u, y]/ (0", uy? — aoy)
which is the associated graded group of the quotient of ku*[[y]] by the p-series
P lyP — ( p )Up—Zyp—l + -+ py,
p—1
illustrated in Figure 2.7 when p = 5. O

2.3. Nonabelian groups of order pq.

Let ¢ be an odd prime, and let p|g — 1. We do not assume that p is prime.
Let G)p.q be the semidirect product of Cy and C), in which C), acts upon C; by an
automorphism of order p. For a fixed ¢, these are exactly the subgroups of the
symmetric group 3, which sit between C; = G1,4 and its normalizer Ny, (C,) =
Gq-1,q- The Atiyah-Hirzebruch-Serre spectral sequence of the extension

Cq = Gp,g — Cp
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F1GURE 2.8. The Ey = E., term of the Adams spectral sequence
for ku*B;p.

shows that BG), 4 is equivalent to BC, away from ¢, and that

H*(BGp,q:Fq) = H*(BCq;Fq)CP, and
ku*(BGpg)q = ku*(BCy)r.

The first equality leads to a very nice description of the g-local type of BG, 4 in
terms of the stable splitting

BCy =By V -+ V Bg_1.
PROPOSITION 2.3.1. At the prime gq,

BGp)q:Bp \Y ng VoV Bq_l

Proof: The action of C} on Cy is the k-th power map, where k is a primitive p-th
root of 1 mod ¢q. The induced action on H*(BCy;F,) is multiplication by &’ in
degrees 2i — 1 and 2i, so the €}, invariants are exactly the elements in degrees 0
and —1 mod 2p. The inclusion of the wedge of the B;, into BC,; composed with
the natural mapping to BG), 4 is therefore an equivalence. (Il

This gives the additive structure of ku*BG, 4, and the representation ring will
give us the multiplicative relations. The group G, has p one-dimensional repre-
sentations 1, iy, . . . ,ag_l pulled back from C}, and has d p-dimensional irreducible
representations 1, ..., 8q induced up from Cy, where d = (¢ — 1)/p. Let § be one
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of the (;, and let

y = epulay) € ku’(BG,,), and
z = ew(B) € ku*(BG,,).

Let p =141 +...4 (4 and observe that if we choose a splitting C, — G 4 then
p=lg, 1Cra the trivial one-dimensional representation of Cp induced up to G 4.

THEOREM 2.3.2.

ku™(BGy.q) = ku*[ly, 2]/ (yz, [Pl(v), zp).
The relation zp = 0 has the form

vI 7 2 Lol Pd L gz =0,

where the coefficient ag = pq for a q-adic unit p.

Proof: First, observe that under the monomorphism
ku*BG,q — (ku*BGy.q) ) © (ku*BGyp q)q) — ku*BC, @ ku*BCy

the element y goes to (y,0) and z to (0, z’) for some y" and 2/, so that yz = 0.

Second, the relation [p](y) = 0 follows from (BGp )y =~ BC).

Third, we must show that (ku*BG) q)(q) = ku*[[2]]/(2p). Lemma 2.1.1 implies
that zp = 0, since p is induced up from C, and (3 contains a trivial represen-
tation when restricted to Cp,. The splitting 2.3.1 shows that powers of z span
ku*(BGy,q)(q) as a ku*-module because z is detected by a nonzero multiple of 32 in
ku*BCy, and powers of y? span the mod ¢ cohomology of BG), ;. We have already
calculated the Adams spectral sequences for the spectra B;,. (See Figure 2.8.) From
these, we see that the first d powers of z are linearly independent, but the (d+1)-st
must be expressible in terms of the lower ones. Precisely, {z,vP2?%, ... ,v(d_l)pzd}
span ku®?(BG,.4)(q), and therefore v7~!2%+1 must be expressible as a linear com-
bination of them with g-adic coefficients. To see that zp is such a relation, note
that on Cy the §; restrict to the sums af]l + -+ ag, where {i1,...,i,} is an orbit
of C, acting upon Cy, and oy is a faithful one-dimensional representation of Cj,.
Thus, p restricts to the regular representation of Cy. Since o, = 1 —vli](y,), which
has degree ¢ in y,, we see that p has leading coefficient (vP2)? as required.

To show that ag is as claimed, project onto the summand B,,, and consider the
Adams spectral sequence of B, computed in Section 2.2. (See Figure 2.8). O

When d = 1,2, or ¢ — 1, we can be perfectly explicit. Continue to let og be a
nontrivial irreducible representation of C;. We have already computed ku*BG1 4 =
ku*BCy in the preceding section, but we can give another presentation which is
interesting. Let e; = er(al) =1—a}. Then {ey,...,e, 1} span the augmentation
ideal of R(Cy) and satisfy the relations

€i€j = €4 + €5 — €itj-

The analogous presentation of ku*(BC,) is

(3) ku™(BCq) = ku*[[y1, - .- yg—1]]/ (vyiy; — yi — yj + Yits)-

where y; = exu(ad) (compare with 1.1.3).
At the other extreme is G4_1,4 = Nx,(C,), which is g-locally equivalent to X,.
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THEOREM 2.3.3.
ku*BNs, (Cq) = ku*[[y, 211/ (yz. [a — 1(y), v""'2* - g2)
and
ku*(BEg)(q) = ku*[[2])/ (772" = ¢2)
Proof: We need to show that zp = 0 says v9 122 = qz. Now, 2z = ey, () and 3
restricts to the reduced regular representation of C,. Therefore, v9~12 restricts to

e1ey---eq_1 =€1+ex+---+eq_1 = q—pg where p, is the regular representation of
Cy. Since p2 = qpy, we also have (¢ — pg)* = q(q — py), and the result follows. [

The case d = 2 takes a bit more work. When ¢ = 3 (mod 4) the relation zp = 0
is simple, but when ¢ =1 (mod 4) it is somewhat trickier. In that case, we express
the relation zp = 0 in terms of the coefficient b in

eh = a4+ by € Q(\/q),

where h is the class number of Q(,/g) and ¢ is the fundamental unit (the smallest
positive unit greater than 1 in the ring of integers in Q(,/g)). Unfortunately, no
explicit formula for € in terms of ¢ has been found, though there are simple algo-
rithms ([39, Prop 2.4.11]). For example, when ¢ > 5, ¢ = (a1 + b1,/q)/2, where
(a1,b1) is the positive solution to a? — gb? = —4 for which b; is minimal ([39, Rmk
2.4.12 and Lemma 2.4.16]). Note that the coefficients a,b € Z, so the coefficient
2bq in 2 below may well be odd. We exclude ¢ = 3 from the following theorem. If
g=3thenp=1and G, 4 = Cs.

THEOREM 2.3.4. When p = (¢ —1)/2, if y = exu(a) € ku?(BGp4) and z €
ku®’(BG,q) are Euler classes as above, and b is the coefficient of \/q in €" as
above, then

(1) when ¢ =3 (mod 4), ¢ > 3,
ku*BGy,q = ku*[ly, 211/ (y2, [p](y), v*P2° + ¢2)
(2) when ¢ =1 (mod 4),
ku*BGh,q = ku*[ly, 2]]/ (yz, [p)(y), v*P2° — 2bquP2* + ¢2)

Proof: We need to show that the relation zp is as stated. It will suffice to determine
the relation satisfied by
vPz = H (1—ab)

i€(Fg)?

in R(Cy), where we will now write a for ay. This is because the representations [;
restrict to orbit sums under the Cj, action, and the action of C;, on C;\{0} = Fy
has two orbits, the squares and the non-squares. We may work entirely in R(Cy) C
ku®(BCy) since both v* : ku*(BGh ) () — ku’(BGp,q)(q) and the natural map
ku®(BGyp.q)(q) — ku®(BC;) are monomorphisms by the splitting in Proposition
2.3.1 and our calculation of the Adams spectral sequence for the cyclic groups in
the preceding section.

The notation will be much cleaner if we abuse it by writing z for vPz. The
relations we must prove then become

2 4qz=0 g=3 (mod4), ¢>3, and,
22— 222 +qz=0 g=1 (mod 4).
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Let N=1+4+a+a?+---a?" L. There are quotient homomorphisms
e: R(Cy) — R(Cy)/(1 —a)=1Z, and

m: R(Cy) — R(Cy)/(N) = Z(¢) € Q(¢), ¢ =e*™/1,
whose product R(Cy) — Z x Q(¢) is a monomorphism.
Let s and n be the sums of the square powers and non-square powers, respec-

tively:
5= Z o' and n= Z ol
i€(Fg)? i€Fg \(Fg)?

Any element of R(Cy) invariant under Cp can be written as a + bs 4 cn for some
integers a,b, and c. In particular, the image of R(G) ) in R(Cy) is the subring
generated by s and n. We shall not use this fact, but it is interesting to note that
if we let ¢* = (—1)(@=1/2g, then the homomorphism 7 maps R(G) ) to Z(\/q%),
the Cp-invariants in Z(():

R(Gpq) — R(Cy)

! !

ZVg) < Z(Q)

If k is a non-square modulo ¢, then 7(a) = oF defines an automorphism of
R(C,) which exchanges s and n. (Upon applying m this agrees with the Galois
automorphism /¢* — —./q*.) Let

w=r71(z) = H (1—a?).
i€Fg\(Fg)?
The product zw = ¢ — N since €(zw) =0 =€e(qg — N) and (¢ — N) = ¢, while
qg—1
m(zw) = [ (1= ¢,
i=1
which equals ¢ by evaluating
qg—1
L+a+-+at =[] -¢)
i=1
at x = 1. The proof now divides into two cases depending upon ¢ (mod 4).
First, suppose that ¢ =3 (mod 4). For any z, N = ¢(z)N, so s(1 + s+ n) =
p(1+ s+ n). Hence
s2+sn=p+(p—1)s+pn.
Now sn = d+ e(s+ n) for some integers d and e, since 7 fixes sn. Applying € gives
p? = d+2pe. Since ¢ = 3 (mod 4), —1 is not a square modulo ¢, and we may write

i€(Fg)?
It follows that d = p and hence
sn = p—l—p_ (s+mn)
2 - b=t o ptl
2 2
n? = Zi18 + p_—l
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Now, if we write z = a + bs + ¢n, then applying € gives a = —p(b + ¢). Comparing
constant terms in
zw = (a+bs+cn)(a+cs+bn)

= 2p—(s+n)
yields

pb+c) +b* +c2 =2
Since ¢ > 7, we have p > 2, s0 b+ ¢ =0 and b? + ¢* = 2. Hence 2z = £(s — n) and
it follows easily from the relations satisfied by s and n that 2®> = —¢z and that z
satisfies no lower degree relation.

Now suppose that ¢ = 1 (mod 4). From Theorem 2.3.2 we know that 23 +
a12% + asqz for some a; and ap which we will determine by applying . Let

R= J[ a=¢) and N= J[ @a-¢).
i€(Fg)? i€Fg\(Fg)?
and recall that RN = m(zw) = ¢q. The class number formula for Q(,/g) implies that
if b is the class number and ¢ is the fundamental unit of Q(,/q), then

e N _ a4
R R?
([40, Thm. 218, p. 227]). Thus R = +,/g/c". To determine the sign of R, we
rewrite it as a product of evidently positive terms. Let r range over (IFqX )2 in the
products which follow.

® = [[a-¢)

T

= JI¢™e? -
= (92 H 2isin(7r/q)
= 2pipCS/2Hsin(7rr/q)

= 2”Hsin(7rr/q)
> 0,

where S =" r. (We use the fact that g is prime to get ¢%/2 = (—1)@=1/4 = ;7))
Hence, R = \/a/sh. If we write e" = a + b\/q with a,b € %Z then a? — ¢b?> = —1
since the norm of € is —1 and h is odd ([10, Thm. XI.3, p. 185 and Thm. XI.6, p.
187]). It follows that R = bg — a,/q and this satisfies R — 2bgR + ¢ = 0. Therefore,
23 — 2bqz? + gz = 0 as was to be shown.

Alternatively, if we do not wish to assume that € has norm —1 and h is odd, we
may prove these facts as follows. Let e = N(¢) be the norm of . Then the norm
of eh, N(e") = e = (a + b\/q)(a — b\/q) = a* — gb®. Tt follows that

Vi Va

R= Yl = e = VAl byD) = (a0
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q 2b q 2b q 2b q 2b
17 2 109 25 229 226 317 5
37 2 113 146 233 3034 337 | 110671282
41 10 137 298 241 | 9148450 349 986
61 5 149 5 257 2050 353 7586
73| 250 157 17 269 10 373 530
89 | 106 181 97 277 157 389 130
97 | 1138 193 | 253970 281 126890 397 173

101 2 197 2 313 | 14341370 401 5129602

FIGURE 2.9. Primes ¢ =1 (mod 4) for which the coefficient 2b in
Theorem 2.3.4 is not 1, and the corresponding value of 2b.

and its conjugate N = e"(—gb — a\/q). Then

RN = e"(—gb+ay/q)e"(—qb— a\/q)
= @2V — qd?

= —q(a® - gb?)
= —qeh

But we know that RN = ¢, and it follows that e = —1. O

REMARK 2.3.5. The proof when ¢ = 3 (mod 4) is elementary because the
coefficients b and c¢ lie on an ellipse with with only two integer points. The same
approach for ¢ =1 (mod 4) leads to a hyperbola with an infinite number of integer
points. This is a reflection of the finitude and infinitude, respectively, of the unit
group in the integers of Q(1/¢*).

REMARK 2.3.6. As an indication of the likely difficulty of determining the
coefficient —2bg as an explicit function of ¢, Table 2.9 lists those primes ¢ = 1
(mod 4) up to 401 for which 2b # 1, together with the value of 2b for each. These
were calculated by using MAGMA ([42]) to calculate the minimal polynomial of R.

REMARK 2.3.7. By analogy with the symmetrical presentation (3) of ku*BCy,
one might expect to obtain a better presentation of ku*BG, 4 if it were written
symmetrically, using the Euler classes of all the 8;. Theorem 2.3.4 shows this is
false. The Euler classes z = e, (01) and w = eg,(f2) of the two p-dimensional
representations each satisfy the relations of Theorem 2.3.4. When ¢ = 3 (mod 4),
z = —w, so adjoining w to the presentation does nothing to simplify the relations.
When ¢ =1 (mod 4),

w = (4b%q—1)z —2bvP2% and
z = (4b%q— Dw — 2bvPw?,
and we would like ku?*’ BG), ; to be spanned by z and w. Since z and vPz? span,

we need 2b to be a unit. This may be true in the completed ring, ku*BG), 4, but,
if 2b # 1, it will not be true before completion, e.g., in a Gy, 4-equivariant ku*. If
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we wish to express everything in terms of z and w, note the relations

2P = (4b*q—1)z—w
20vPw? = (4b*q — 1)w — 2z, and
20vPzw = z4w

REMARK 2.3.8. It should be clear from the preceding theorem that class field
theory is the key to the connective K-theory of the non-abelian groups of order
pq. The key relation zp = 0 can be written as a polynomial in z, a fact which
is evident from the Adams spectral sequence, as shown in Theorem 2.3.2. When
we do so, we obtain z times a polynomial which defines the C,, fixed subfield of
the cyclotomic field Q({,). This is evident from two facts. On the one hand,
R = m(z) = [1(1—¢*), where the product ranges over all i in some Cj,-orbit, so that
the image of z lies in the C)-fixed subfield of Q({;). On the other hand, the Adams
spectral sequence calculation just cited shows that the minimal polynomial for z
has degree d = (¢ — 1)/p, so that R must generate this subfield. (Here we are also
using the fact that v” is a monomorphism on ku?? BG, 4, that vPz lies in R(Gp )
and that its powers map to linearly independent elements of R(Cy) and Q(¢,).)

The extreme cases, p = 1 and p = ¢—1 correspond to Q({,) and Q respectively,
but are too simple to show this relation clearly. The case just done, p = (¢ — 1)/2,
corresponds to the quadratic subfield Q(1/¢*), and accordingly, the relation zp = 0
is z times a quadratic whose coefficients depend in a surprisingly subtle way on
q, as shown by the relation 7(z) = ,/q/ e, for example. The complementary case,
p = 2, corresponds to the maximal real subfield of Q({;). The corresponding groups
Gy 4 are (non-2-primary) dihedral groups, and we end this section with the explicit
description of the first few of these.

By Theorem 2.3.2 we have

ku*(BGa,q) = ku™[[y, 2]]/(yz, [2](y), p2.4(2))-

with |z| = 4. The relation ps 4(2) is obtained by inserting powers of v to make the
following polynomials homogeneous.

q=3 22 =3z

q=5 :25=-52(1-2)

q=T7 : 22 =72(1-2)2

g=11: 26 =112(1 - 2){(1 — 2)® — 2}

q=13: 27 = —132(1 - 2)*{(1 — 2)® — 22}

q=17: 2° = —172(1 — 2){(1 — 2)5 = 52(1 — 2)® + 22}

g=19 : 210 =192(1 — 2)2{(1 — 2)® — 72(1 — 2)3 + 322}

q=23: 22 =232(1 - 2){(1 — 2)? = 122(1 — 2)® + 142%(1 — 2)3 — 23}

There is an obvious guess as to the form of these relations for all ¢, but the
coefficients of the terms inside braces are not entirely obvious from this small sam-
ple. All of these relations were found simply by computing the minimal polynomial
satisfied by (1 — a)(1 — a™') in R(C,) using CoCoA [9].

2.4. Quaternion groups.

The simplest p-groups after the cyclic groups are the quaternion groups, as they
are the other p-groups with periodic cohomology. As with the cyclic groups, the
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Adams spectral sequence shows that v : ku*(BQan) — ku*(BQ2r) is a monomor-
phism, so that ku*(BQazn) is a subalgebra of K*(BQan).

REMARK 2.4.1. If G has p-rank 1 for every prime p, it follows that ku*(BG)
has no v-torsion. In all examples we know, if G has p-rank > 2 for some prime p,
there is v-torsion in ku*(BG).

To fix notations, let
Qoniz =<p,j 5% =p* i =1L jp=p""5> .
We will write @ for Q9n+2 where it will not be confusing. The mod 2 cohomology
rings are
H*(BQs; Fa) = Folay, 22, p1)/ (2] + 2122 + 23, t122(21 + 22))
and, if n > 1,
H*(BQgn+2;F2) = Fola1, w2, p1] /(w122 + 23, 27))

with an (n + 2)-nd Bockstein from H® to H* [18, Prop. VL.5.2, p. 330]. Here

p1 € H*BQ is the first Pontrjagin class of the symplectic representation Q —

S$3 = Sp(1) obtained by viewing @Q as unit quaternions with p = exp(ri/(2")) € C.
The representation ring

R(Qan+2) = Z[x, Yo, Y1, - - ., Yon]

(X =1, x¢i = Yan_,

Vih; = iy + Yiej)

where we let ¥_; = 1; and ¥any; = Yan_; in order to describe the product this
succinctly. These are defined by

wo = (5 0) wo = (O o)

x(p) = -1 x(j) = 1
where ( is a 2" 1-st root of unity. Of these, all are irreducible except 19 = 1+ (g —
1) and ¥on = x + (2n — X), which are sums of one-dimensional representations
pulled back from the abelianization Qqoni2 — Co x Coy = <p, j|j? = p? = (pj)? =
1>

wo_l (_| ﬁa
X 1 J. and
Yo =X — pj.

Here Z denotes the one-dimensional representation with kernel <z>. The maximal
subgroups are the kernels of these three nontrivial one-dimensional representations,

Qan+2
/ T AN
Qanir Ciynia Qonss
I I I

<p?,j> <p> <p?, pj>
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where we let Q4 = Cy in order to avoid special mention of Qs.
The following Euler classes will generate ku*BQ:

a = eru(o—1) € ku*BQ
b = eku(X) € ku*BQ
¢ = eku (i) € ku'BQ.

It will also be convenient to define
q=q € ku4BQ

since the following result shows that we do not need the other ¢; to generate ku*BQ.
LEMMA 2.4.2. Fork=1,...,2"

b
k
2 2%-2 i
qr = drpa” + E cirv™ T g
=1

where cpr = (—1)*, c1p, = k2, and

g — -1 k=2 (mod4)
k= 0 otherwise.

LEMMA 2.4.3. The regular representation of Qgon+2,

Prntz = Yo +2(Y1 4+ en_1) + Pon
2n—1
n+41 n P
— ’1}2 q2 + ( Z fiv2zqz) + 2n+2
i=1
for integers f;.

REMARK 2.4.4. It is somewhat surprising that the regular representation can
be written as a polynomial in the single Euler class ¢ = egy 1.

It is more surprising that the the g are closely related to the Chebyshev poly-
nomials. The analogous Euler classes dy, for the the dihedral groups are exactly the
Chebyshev polynomials and therefore have many interesting properties, the most
remarkable being the composition property di(d;) = di; (see 2.5.3).

The regular representation p;io, for j < n, can be computed by

42541 — G2i—1
q
In general, the differences (goi; — g2 _;)/q are interesting multiples of pj42.

THEOREM 2.4.5. ku*(BQan+2) = (ku*[a,b,q]/I)} where |a] = |b] = 2 and
lg| = 4, and where I is the ideal

Pi+2 =

I = (qp,va® — 2a,vb* — 2b,
a® — vaq,b* — (vbq + gan—1 — q),

ab — (b% — qan))
The natural map ku*BQ — H*BQ sends a to 22, b to 23, and q to p;.

Since Qg is both smaller and more symmetric than the other quaternion groups,
its connective K-theory has an especially simple form.
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THEOREM 2.4.6. ku*(BQs) = (ku*[a,b,q]/I))} where |a] = |b| =2 and |q| =4,
and where I is the ideal
I = (v*¢® —6v3¢% + 8¢,
va? — 2a,vb® — 2b,
a?® — vagq, b® — vbg,
ab — (vaq + vbq + v%¢* — 4q))

The natural map ku*BQs — H*BQs sends a to 3, b to 23, and q to p.

To follow the proofs, it will help to have some relations in front of us. Com-
puting Euler classes in representation theory, we find that

va = 2-—1
vb = 1—x
vlq = 2—1
2 —a; i odd
Ve = { Yo —wwi i even
and therefore
Pg = 2-—va
x = 1—wvb
2 —v3q; i odd
vi = { 2 —v%g; —va i even

Yo = (2—va)(1 - o)

(The final relation follows from tgn = x1bg. )

We now proceed to prove Theorems 2.4.5 and 2.4.6. We first use the Adams
spectral sequence to show that there is no v-torsion in ku* BQ. This will allow us to
prove Lemmas 2.4.2 and 2.4.3, and show that the relations in Theorem 2.4.5 hold,
by calculating in the representation ring. We can then combine these lemmas with
the Adams spectral sequence to produce an additive basis (Lemma 2.4.10), from
which we can finish the proof of the theorems by showing that the generators and
relations we specify there are complete.

LEMMA 2.4.7. ku*BQ is concentrated in even degrees and has no v-torsion.
Proof: There is a stable splitting due to Mitchell and Priddy ([47])

BQon+2 =~ (BSL2(€))(2) VXV X

where X = X "'BS?/BN and N is the normalizer of a maximal torus in S3. Here
¢ is any prime such that the power of 2 dividing £(¢? — 1) = |SLy(f)]| is exactly
2"+2 The cohomology of X is Fy in each codegree congruent to 1 or 2 (mod 4),
connected by Sq', while that of (BSLy(¢))(2) is F2 in each codegree congruent to
3or4 (mod 4), connected by the Bockstein S, 2.

—0 ~
Since ku (BQs) = K°(BQs) = (Z4)*, we must have
ku X =70  and IZEO(BSLQ(?,)(Z)) = (Z})?.

The cohomology of X is free as an Fa[p;]-module, and as an E[Qo]-module. We may
choose the splitting so that the Es term of the Adams spectral sequence for the two
summands X are free F[v, p1]-modules on 27 and z3, respectively. By sparseness,
no differentials are possible. It follows that there is no v-torsion in ku*X. Further,
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~0

since ku X = Z4, twice any element must be detected by v? times the element
in the same filtration two codegrees higher. See Figure 2.10, in which we continue
the practice of showing multiplication by v only for the bottom class of a tower, in
order to avoid clutter.

The mod 2 cohomology of the other summand, BSLa({)), is trivial as a
module over E(1), so the Adams spectral sequence has

EQ = H*(BSLQ(K)(Q)) ®F2[h0,’0]
— F?[h07vap1]®E[2]

where z generates H3BSLo(f). By the correspondence between Adams and Bock-
stein differentials, the Bockstein (,,42(2) = p1 implies an Adams differential

dn+2(z) = h8+2p1 +vx
for some x. This is not 0, so is not a zero-divisor, so
En+3 = ]F2[h07 U7pl]/(hg+2p1 + ’U(E)

Since this is concentrated in even degrees, E, 3 = F. Since v does not divide
hgt2py, v is not a zero-divisor on E.,, and hence also not on ku* (BSL2(0)) 2y O
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Now we can show that a relation holds in ku* B@ by showing that it holds after
multiplication by a suitable power of v. We use this to get two relations we need
now.

LEMMA 2.4.8. The relations va® = 2a and a? = vaq hold in ku*BQ.

Proof: From 92 = 21y we get that v?a? = 2va, and from 11 = 211, we find that
v3aq = 2va = v2a?. ([l

Proof of Lemma 2.4.2: If k£ = 1 the statement is trivially true. Assume for
induction that it holds for k. If k is even, the relation ¥1¢r = ¥r—1 + Vi1 says
that

(2—v%q)(2 —va—v’qr) =2 — VP qr—1 + 2 — V1.
Cancelling the constant term, replacing 2va by v?a?, dividing by v? and isolating
the term gj4+1, we find that
G = 2qx+2¢ — v3qqr — g
(=) " + dpa®(2 —v%q) + P
for some polynomial P of degree k in ¢. Since a(2 — v?q) = 0, this has the form
required. Similarly, if k is odd, using go = 0 when k = 1, we find
Qo1 = 2qk +2q —v?qq, — a® — ge
= (—v2)qu+1 + (—1 — dkfl)az + P
for some polynomial P of degree k in ¢, from which the claimed relation is imme-
diate. These inductive relations easily imply that ¢1 p = k2. O

Proof of Lemma 2.4.3: This is now a simple calculation using the expression of
the ¥ in terms of a and ¢; and Lemma 2.4.2. ([l

LEMMA 2.4.9. The relations gp = 0, vb®> = 2b, ab = b?> — gon and b> = vbg +
gon—1 — q, hold in ku*BQ.
Proof: Since p is induced up from the trivial subgroup, it will be annihilated by
any Euler class such as g. Since x2 = 1, we see that vb? = 2b. The Euler classes of
the one-dimensional representations are a, b and

eru(P2r —X) = eru(x(vo — 1))
= eru(Xx) + xeku(to — 1)
= b+ (1—vb)a
= a-+b—wvab,
so that an = x + (Y5 — x) gives
G2r = eku(th2n) = eru(X)eru(tan — X)
= bla+b—vab) = ab+ b* —vab® = b* — ab

and hence ab = b — ggn. Finally, from on_; = x31, we find (2 — v2qon_1) =
(1 —wb)(2 — v2q), or b? = vbq + qan_1 — q. O

LEMMA 2.4.10. As a module,
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(1) ku?BQ is the free Z4 -module on {a,b,vq, .. .,vzwlflgzn}.
(2) ku*BQ is the free Z4-module on {vagq,vbq,q, .. .,1}2n+ 242"}, _
3) If i > 4 then multiplication by q is an isomorphism from ku'~*BQ to
Y
ku'BQ.
~ 42
4) If i < 2 then multiplication by v is an isomorphism from ku  BQ to
: Y
ku BQ.

Proof: First, observe that multiplication by v is an isomorphism in the Adams spec-
tral sequence in the range indicated, and similarly for multiplication by g. Hence,
the same is true in ku*B@Q. Our Adams spectral sequence calculation (Lemma
2.4.7) shows that ku*BSLa(f)(2) is a quotient of Z5 [v,q] and Lemma 2.4.3 shows

—~ 21
that the relation gp = 0 leaves ku BSLz(f)(2) of rank 2" — 1, the same as the rank

of K%BSL, (€)(2), so there can be no other relation among the powers of ¢. Now,
each X summand contributes a Z% in each even degree, generated by a and b in
degree 2, and by vaq and vbq in degree 4. ([l

Proof of Theorem 2.4.5: To finish, we need only verify that the relations we
have found are a complete set of relations. For this, it is enough to show that the
products of v, a, b, and ¢ with elements of the basis found in Lemma 2.4.10 can
again be expressed in terms of that basis by means of these relations. Lemma 2.4.10
also shows that we need only consider v times ku* and kuS, and a, b, and ¢ times
ku? and ku*. These verifications are then routine once one notices the following
consequences of the relations:

v’bg = v(b® = gan 1+ q) = 2b— vgan 1 +vg,
Viagtl = 2% 240,
Wit = 222t 4Bt 2
and v2" " ¢2"*1 is a polynomial in v and g of degree 2" in q. O

Proof of Theorem 2.4.6: We need only show that go = 4¢ — v2¢? — a2, and this
follows from %% = 1)y + 17 as in Lemma 2.4.2. O

We obtain as a corollary, 2-primary information about SLy(¢) and complete
information about SLy(3).

COROLLARY 2.4.11. ku*(BSLa(€)(2)) = (ku*[q]/(qp))’ where |q] = 4, and p is
the polynomial in q given in Lemma 2.4.3.

ku
THEOREM 2.4.12. ku*(BSL2(3)) = (ku*[y, q]/(yq, [3](y), v'¢® — 6v%¢* + 8¢q)))
where |y| = 2 and |q| = 4.

Proof: The Atiyah-Hirzebruch spectral sequence of Qg — SL2(3) — C3 shows
that ku*BSLy(3)) = ku*BC3. We have just computed ku*BSLy(3)(2). Since y
and ¢ each map trivially to opposite localizations, yqg = 0. O
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E. in the Adams spectral sequence for

FIGURE 2.11. E4
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FIGURE 2.12. The Adams spectral sequence for ku*(BQs). (The

action of v is omitted for clarity)
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2.5. Dihedral groups.

The dihedral groups have the same representation rings as the quaternion
groups of the same order, but have considerably more complicated H and ku-
cohomologies, since they have rank 2. We let Donsa = (s, t|s2 = 12 = (st)2" = 1).

The mod 2 cohomology ring is

H*(BD2n+2; Fg) = FQ[xl, xa, w]/($2($1 + ,TQ))

with an (n + 1)-st Bockstein (3,11 (z2w) = w? ([47] and [18]). The generators are
the Stiefel-Whitney classes of representions defined below:

r = w(st)
o = wi(8)
w = wy(or).
By the Wu formula, Sq'(w) = zw since det(oy) = st.

The representation ring is isomorphic to that of the quaternion group:

Z[gv 00,015+, 02"]

R(D2n+2> =

(:9\2 = 1,:9\0'1‘ = 0O2n—g,
0i0j = Oiyj + 0ij)

where we again let 0_; = 0; and g9ny; = 02n_;. These are defined by

o= (11) w0 (29)

3(s) = 1 ) = -1

where ( is a 2"*1-st root of unity. Of these, all are irreducible except og = 1 + st
and oon = §+ ¢, which are sums of one-dimensional representations pulled back
from the abelianization Dgn+z — Coy x Cy =<s,t|s? =1 = (st)? = 1>. Again =
denotes the one-dimensional representation with kernel <z>.

The maximal subgroups are the kernels of these three nontrivial one-dimen-
sional representations.

Donso
00T N
Donts Consr Do
| I |
<s, (st)?> <st> <t, (st)*>

The difference from the quaternion groups shows up in the Euler classes. In
particular, the determinant of o; is always st, independent of ¢, resulting in slightly
different Euler classes in representation theory. The following ku-theory Euler
classes do still generate ku*BDgn+2:

a = eku(§\t) S kuQBD2n+2
b = ew(s) € ku’BDgns:

d; = eku(Ui) S ku4BD2n+2.
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As with the quaternion group, it will also be convenient to define
d=dy € ku*BDgn+»

since we again do not need the other d; to generate ku*BDgn+2.
LEMMA 2.5.1. Fork=1,...,2™,
k
di = Z aikv2i_2di
i=1
where agr = (—1)* and a1, = k2.

LEMMA 2.5.2. The regular representation of Don+2,

p = 0'0—|—2(O'1—|—"'—|—0'2n,1)—|—0'2n
271
_ ,U2n+1d2n + ( Z miv2idi) + 2n+2 _ 2"+1va

i=1

for integers m;.
REMARK 2.5.3. The polynomials d are the Chebyshev polynomials conjugated

by F(d) = 1—d/2 ([34, Thm 4.4, p. 195]). This accounts for the remarkable
composition property, di(d;) = di;, and follows from the recursion formula

dk+1 = (2 —d)d, — dp—1 +2d

with initial conditions dy = 0 and d; = d. ([34, (1.101), p.40]).

This is slightly simpler than for the quaternion groups, for which the corre-
sponding Euler class g also involves a if & = 2 (mod 4). Correspondingly, the
expression for the regular representation is slightly more complicated than for the
quaternions.

THEOREM 2.5.4. ku*(BDgn+2) = (ku*[a,b,d]/I)} where |a| = |b| = 2 and
|d| =4, and where I is the ideal

I = (dp,va® — 2a,vb* — 20,
vad, 2ad, ab — b2 + don,
vbd — d + dzn_l - dgn,
2bd — vddan)

The natural map ku*BDgny> — H*BDgnt2 sends a to z3, b to a3, day to 0, and
d2k+1 to ’LUQ.
For Dg, some of these relations simplify.
THEOREM 2.5.5. ku*(BDs) = (ku*[a,b,d]/I)’) where |a| = |b| =2 and |d| =4,
and where I is the ideal
I = (vd® - 6v2d® + 8d,
va? — 2a, vb® — 2b,
vad, 2ad, ab — b2 + vbd,
vbd — 4d + v2d?,
2bd — v%bd?)

Our proof of Theorems 2.5.4 and 2.5.5 will follow the same general outline as
for the quaternion group. We first prove Lemma 2.5.2 and show that Lemma 2.5.1
holds after multiplication by v?. We are then able to compute enough of the Adams
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spectral sequence to see that the ku* B Dyn+2 will be detected in mod 2 cohomology
together with periodic K-theory. This allows us to then prove the theorems.

It will help to have the following relations between the ku-theory Euler classes
and the representations in evidence:

va = 2-—o0y
vb = 1-—7%
v’d = 09—
vid; = o0¢9—o0;
and therefore
st 1 —wva
s = 1—ob
t = (1—wva)(1—vb)
oo = 2-—va
op = 2—wa—v3d;
o = (2—wa)(1l—wd)

Proof of Lemma 2.5.2: First, if we multiply the relation in Lemma 2.5.1 by v?2,
we have a relation in the representation ring which follows inductively from the
relation 010y = 0k—1 + ok+1 just as for the quaternion group (Lemma 2.4.3), but
more easily, since the parity of k£ no longer has an effect. Then the expression for
p in terms of the Euler classes is immediate. ([

For brevity, let us write D for Dgyn+2 where there is no chance of confusion, and
write H for HF,.

LEMMA 2.5.6. In the Adams spectral sequence EXtEa)(F% H*BD) = ku*BD

(1) there is one nonzero differential dy, 41,
(2) E,i2 = Ew is generated over Fa[ho,v] by the filtration 0 classes x3, 23,
and w?, detecting a, b, and d, respectively, and
(3) multiplication by v is a monomorphism in positive Adams filtrations, and
in codegrees less than or equal to 4.
The natural map ku*BD — H*BD @& K*BD is a monomorphism.
Proof: Clearly, the final statement follows from (3). That a, b and d are detected
by 2%, 23 and w? is an immediate consequence of the naturality of Euler classes,
since z; = wy(st), 22 = w1 (3) and w = ws (o).

To compute the Adams spectral sequence we first decompose H*(BD) as an
E(1)-module. Since the E(1)-module structure of H*(BDan+2) does not depend
upon n (so long as n is greater than 0), we may use Bayen’s ([5]) A(1) decomposition
of H*BDg. From that, it is a simple matter to see that as an E(1)-module, H*BD
is the direct sum of

(1) two copies of H*(BC3), <z1> and <x2>,
(2) the trivial module {w?+2}, for each k > 0,
(3) free modules generated by
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FIGURE 2.13. The beginning of summands (2) and (4) and their
Ext modules for D = Dg

(a) z¥mw?k*! for each m > 0, k > 0, and
(b) x3mw+1 for each m > 0, k > 0, and
(4) the augmentation ideal, IE(1) = {xow?* 1 pow?* 1 (22 + w), 23w +2}
for each k£ > 0.
This allows us to write E5 additively as the sum of
(1) Falho,v][a]/(va® — hoa) ® Falho, v][b]/(v0* — hob),
(2) Falho, v][d],
(3) an Fa-vector space spanned by {a‘d’|i > 1,5 > 1} U {b'd?|i > 1,j > 1}
(4) the direct sum of the Fy-vector space spanned by {bd’|j > 1} and a free
Fy[ho, v]-module on classes w* “zow” € Ext™* 2. (We take the liberty of
writing “zow” for the nonzero element in Ext' 2 since Tow is the element
of mod 2 cohomology which corresponds to the tower generated by “zow”
in the theorem of May and Milgram. We will show that this class will
support a differential and will therefore not occur in E,. Hence this
sloppiness of notation should not cause any confusion. Strictly speaking,
such a name would be justified only for an element of Ext’, which is why
we use quotation marks to warn that something is slightly amiss.)

Since a, b and d are Euler classes, they must survive to E,. This means that
the only possible differentials originate from the Fa[hg, v]-free part of summand (4),

and that the ring structure will determine all the differentials once we determine
the first one.
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FIGURE 2.14. The F,, term of the Adams spectral sequence
Extp)(F2, H*(BDs)) = ku*(BDs).

In Figure 2.13 we show the beginning of summands (2) and (4) and their Ext
modules for D = Dg. In the general case, replace 02 by 8,+1 and ds by d,,+1, and
increase the number of towers in the even stems appropriately.
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The Bockstein 3,11 (z2w) = w? implies that there will be an Adams d,, 1 which
connects towers in these codegrees. It must take the form

dpy1(“zow”) = aohg+2w2 + vz

for some ag € Fy and some z. Restricting to the 4-skeleton shows that ag = 1.
Since h6’+2w2 + vz is not a zero-divisor in positive filtration, F, 1o is concentrated
in even codegrees, and is therefore equal to F. Further, since v does not divide
how?, v acts monomorphically on positive filtrations. Inspection of the Ey term
shows this also holds for filtration 0 in codegrees 4 and below. ([

We can now finish the calculation. First, we show that the stated relations
hold, and then that no others are needed.
Proof of Lemma 2.5.1: In the proof of Lemma 2.5.2 we showed that the for-
mula for dj, holds after multiplication by v?, and we have just shown that this is a
monomorphism. ([

LEMMA 2.5.7. The relations in Theorem 2.5.4 hold in ku*BDgn+2.

Proof: These are straightforward. Since p is induced up from the trivial subgroup,
dp = 0. Since 5% = 1, vb? = 2b. Similarly, 03 = 20 implies that va? = 2a.

Now, 0go; = 20; implies that v3ad; = 0 and Lemma, 2.5.6.3 implies that vad; is
therefore 0. Hence, 2ad; = va?d; = 0 as well. In particular, vad = 0 and 2ad = 0.

To see that ab = b%> — don we use Lemma 2.5.6 and test the relation in both
cohomology and representation theory. In cohomology it follows from ziz2 = 3
and in representation theory it follows from Sog = oan

The relation vbd = d — dan_1 + dgn follows from v3bd = (1 —3)(0g — 01) in the
representation ring, since it is in positive Adams filtration.

Finally, 2bd = wdds» also need only be checked in the representation ring.
There, it says 2(1 — §)(c¢ — 01) = (09 — 02n)(09 — 01), which is easily verified. O

Now, the Adams spectral sequence (Lemma 2.5.6) tells us that in positive
codegrees the elements

{ad*,b'd"i > 0,k > 0} U {v'd*|i > 0,k > 0}

generate ku*BD as a Z5-module. It remains to determine the relations among
these, and show they all follow from the relations already found. We shall do this
using the monomorphism from ku*BD into H*BD @& K*BD. Let us give names to
the images of a,b,d, and dj, in the representation ring R(D):

A = 1-st
B = 1-7%
D = o09—o01
Dy = 09— oy

and note that A2 = 24, B2 = 2B, and 2BD = DDs.. The situation in codegrees
4k and 4k + 2 is slightly different, so we consider them separately. In codegree
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4k + 4 our generators and their images in H*BD and K*BD are:

q2k+2 $411k+4 92k+1 4

b2k+2 x;lk+4 22k+1B

d*d; 2k D*D, i=1,...,2"
a2+2 gk—i xﬁlli+4w2(k—i) 0 i=0,....k—1
pRi+2 gh—i x§i+4w2(k—i) 2%+1ppk—t =0, .. k—1.

In codegree 4k + 2 we have:

q2k+1 g2 22k A

b2k+1 x;lkJrQ 22kB

vdd; 0 D*D; t=1,...,2"
2+ gk—i x411i+2w2(k7i) 0 1=0,....k—1
p2it1 gk—i x§i+2w2(k7i) 2%BDF" §=0,...,k—1.

The generators a’, b*, and v¢d*d; span a copy of (ZQ)TL*‘2 since their images in
K*BD do. The generators a’d’ generate an Fo = ku*/(2,v) vector space since their
image in K*BD is zero. The only complications come from the relations between
b'd’ and the other generators. Since 2bd = vddan, we see that the generator vddan
is redundant, and should be replaced by bd. In general, the image of b**+1dF—?
in K*BD is linearly dependent upon the images of the vd*d;, and similarly in
codegrees 4k + 4. To make this explicit, when 0 < ¢ < k we find that

B2i+1Dk—i — 22iBDk—i
— 22i71(2BD)Dk7i71
_ 22i71(DD2n)Dk7i71
— o2-lpk—ip,,
= DFa;-(Dy,...,Dgn)

if a; - (D1,...,Dan) solves Dia; - (D1,...,Dan) = 2271 Dyn. If we then let a; =
a; - (dy,...,dgn), we find that b**1d*~% and vd*a; have the same image in K*BD
but not in H*BD, so their difference is annihilated by 2 and v. In codegrees 4k +4,
the situation is nearly the same: b%+2d*~% and 2d*a; have the same image in
K*BD but not in H*BD, so their difference is annihilated by 2 and v. In both
codegrees, the case i = 0 is slightly different: since 2bd* = vd*~'dy» no torsion
class is generated. Similarly, b>d* maps to D¥ Dy in K*BD, so d*dan replaces the
nonexistent 2d*ay.

We will thus have a complete understanding of the additive structure once we
show that the equations Dia; - (D1,..., Dan) = 2271 Dyn can be solved. To this
end, consider the summand (D1,...,Dax) in R(D).

LEMMA 2.5.8. In the representation ring R(D),
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(1) multiplication by D = Dy sends (D1,...,Dan) to itself by the matriz

4 1 2 2 .- 2 2

-1 2 -1 0 0 0

-1 2 -1 : :

A = -1 2 0 0
-1 . -1 0

2 =2

-1 2

(2) For each i > 0, there exists an integer vector a; such that > a;;D; =
a; - (D1, ..., Dan) satisfies Ala; - (D1, ..., Dan) = 2271 Dygn.

Proof: Part (1) follows from the recursion relation

Dit1 = (2—D)D; — Dy_1 +2D
which says

DD; =2D —D; 1 +2D; — D;y1
for ¢ < 2". When ¢ = 2" this becomes

DDsn = 2D — Don_q1 +2Don — Danyq
= 2D —2Dsn 1+ 2D2n
using Dan 1 = Dan_1, and this follows from dp = 0, in the form
0 = 2""2d—2d(dy + -+ +dgn_1) — ddan

by the preceding relations. This determines the matrix A.

For part (2) the vector a’ with i-th coordinate i — 2"~ for 1 <4 < 2" and with
2"-th coordinate 2"~ 2 satisfies Aa’ = egn = (0,0,...,0,1). Thus, a; = 2a’ is the
solution when i = 1. If we suppose inductively that a; solves Aa; = 2% lesn and
has a;; + a;,2»—; = 0, it is simple to check that we can find an integer vector a;;1
satisfying Aa;y1 = 4a,; and that it has the same symmetry property. O

If we now write
o = Q; -+ (dl, .. .,dzn) S kU4BD
for each ¢ > 1, we can neatly express the ku*-module structure of ku*BD.
LEMMA 2.5.9. (1) If k <0 then ku**(BD) = Z & (Z5)*>" 2, generated by
v*{1,va, vb,v3d, vdy, . .., v%dan }.

(2) ku?(BD) = (Z5)*"*2 generated by {a,b,vd,vdy, ..., vdon}.

(3) ku*(BD) = (Z5)*"*2 generated by {a®,b?,d,ds, ..., don}.

(4) If k > 0 then ku***2(BD) = (Z5)*"*? @ F2*~1 with (24)*"*? generated

by
{a?kFL 2L wdbd,, .. vdRdony, bd"},

an F% generated by
{ad”, a3d*1, ... a*1d},
and an F];*l generated by

{(B3d*t —wdbay, ... b td — vdF oy ).
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(5) If k > 0 then ku***t4(BD) = (Z5)*"*t? © F2* with (Z4)*" 2 generated by
{a® T2 22 qkdy d¥ds, ... d¥dyn},
an F% generated by
{a®d*,a*d*1, ... a**d},
and an F§ generated by
{abd® = (b* — don)dF, b*d"t — 2dFay, ..., b%"d — 2d%ay_1 }.
(6) The 2-torsion is annihilated by v.

Proof: The Adams spectral sequence determines the structure of ku’BD for i < 4,
as there is no torsion in these degrees, and the map into K* BD is a monomorphism.
This establishes (1)-(3). To show (6) simply observe that if vz is nonzero then x
maps nontrivially to K*BD), so cannot have finite additive order.

Before the lemma, we showed that parts (4) and (5) would follow from the
lemma. O

Proof of Theorem 2.5.4: It is now a simple matter to verify that the stated
relations are complete, by checking that multiplying any of the additive generators
of the preceding lemma by a, b, d, or v produces an element which can be written
in terms of that additive basis using the relations. O

REMARK 2.5.10. Some interesting facts emerge from these relations.

(1) There is a large filtration shift in the relation 2bd = vddan. The class bd
is in Adams filtration 0, while 2 times it is in Adams filtration 2n + 1.

(2) The relations gp = 0 and dp = 0 for the quaternion and dihedral groups
are exactly the same polynomial in ¢ and d respectively. This implies that
27+2 will annihilate their images in cohomology. For Qan+2 this is exactly
the order of ¢, but for Dyn+2, the additional relation vbd = d+don — dan 1
makes 2"11d divisible by v, so that the image of d in cohomology therefore
has order 27*!. This is an example of the relation between the v-filtration
of the representation ring and cohomology.

2.6. The alternating group of degree 4.

The ku-cohomology of the group A4 has two interesting features. First, the
Euler class of the 3-dimensional irreducible representation is nonzero in connective
K-theory, but is 0 in periodic K-theory. Second, ku*(BA4) is not generated by
Chern classes. (Neither is H*(BAy).)

The representation ring is

R(A4) = Z[a, 7]/ (@® =1, 7(a = 1),7(T = 2) = 1 —a — a?)
where « factors through the quotient Ay — Cj3, and 7 is the reduced permutation
representation. We define
A = eg(a) = (1—-a)/v
r = 1+a+a?—71)/03

and note that the augmentation ideal J = (vA,v3T). This gives us the periodic
K-theory.
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PROPOSITION 2.6.1. K*(BA4) = (K*[A,T]/I))) where I is the ideal
I = ((1-vA)?3—1, AT, T(v°T —4)).
Additively, we have K°(BAy) = Z @ (Z4)? ® Z4, generated by 1, vA, v A2
and v°T, respectively. To compute the connective K-theory, consider the extension
Vi AN Ay — Cs.

Note that we are using the traditional notation Vj for the Klein 4-group here.
That is, Vy has order 4, and not rank 4. The Atiyah-Hirzebruch spectral sequences
collapse, giving

H*(BA4)(3) = H*(B03)(3), ku*(BA4)(3) = ku*(BC3)(3)

H*(BA4)(2) — H*(BV4)(C;3), ku*(BA4)(2) ku*(BV4)(C;3)

First, consider the 2-localization of ku*(BA4) Let H = HF,. Then H*(BV,) =
Folx;, x;], with x = z; + z; and Cs-action z; — z; — x. The resulting ring of
invariants is

H*(BAy4;Fy) = Fafa, b, c]/(a® 4+ b* 4 be + ¢?)

with |a| = 2, and |[b] = |¢| = 3. The inclusion into H*(BV}) sends

a — a? + z;x; —|—x?,

b —  mzj(x; +xj),

c +— :Ef’ —i—:E?xj —|—x?.
We will see in section 4.2 that ku*(BVy) = (ku*[yi, y;]/ (vy7 —2yi, vyF —2y;))]. The
Cs-action is y; — y; — yr = ¥; +y; —vy:y;. The resulting ring of invariants is what
we must compute. The Chern classes of 7 will give two of the three generators.
They are

v o= ep(r) = c3(1) € kuS(BAy)
) = 02(7') S ku4(BA4)
v = c1(1) € ku?(BAy)

The remaining generator will be defined by its image in ku*(BV}).
THEOREM 2.6.2. ku*(BAy)2) = (ku*[pu, v, 7|/I)} where |u| =4, |v| = |n| =6,
and where I is the ideal

2

I = Qu,uv,vr —2u,vp? — 21,y — 72 — v — v?)

The natural map ku*(BAy) — K*(BA4) sends v to 0, u to v, and 7 to 2. The
natural map ku*(BAy) — HF5(BAy) sends p to a?, v to b?, and w to ¢*. The
restriction to ku*(BVy) sends

TV Rk T

vo— yiy (v — Y5),

T o=y =yl Y
Proof: Since ku*(BA4) () consists of the Cz-invariants in ku*(BVj), we could use
the images of u, v and 7 to define them. It is then a simple calculation with Chern
classes in ku*(BV}) to verify that this agrees with the definitions of ;1 and v already
given. To see that these generate the invariants and that we have all the relations,
we shall use the Adams spectral sequence.

Recall that there is a stable 2-local splitting

ku A BAy = (ku A X*BCs) V GEM,
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2
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F1GURE 2.15. The FEy = E, term of the Adams spectral sequence
for ku*(BAy).

where the GEM is a wedge of HFy’s. This follows from the splitting
BCy ABCy = BAy V \[ £ L(2)

and the equivalence
ku A BCy A BCy = ku AX2BCy vV Y?HF;[u, v]

with [u| = |v[ = 2. This implies that the Adams spectral sequence for ku*(BAy4)(2)
collapses at Es, since this is true for both ku A $2BCy and HF,. (See Figure 2.15.)
It also implies that additive generators for ku*(BA4)() are all detected in mod
2 cohomology. Now, the elements yu, v, and 7w are detected by a?, b%, and ¢? in
HF5(BAys), and a check of Poincaré series shows that the algebra generated by
these three elements accounts for Ext®, which consists of the (Qq, @1)-annihilated
elements of HF3;(BA4). Thus, these three elements will generate ku*(BAy)2).
The relations follow immediately from the relations in ku*(BV,), and the images
in K*(BAj4) follow by restriction to V4 as well. O
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Now we can assemble the 2-local and 3-local information.

THEOREM 2.6.3. ku*(BA4) = (ku*[y, p, v, w|/1)} where ly| =2, |p| =4, |v| =
|| = 6, and where I is the ideal

I = (381(y), ym, yv, ym,

2u, vv, v — 2, v — 2, pud — w2

— v —v?).

Proof: The integral result injects into the sum of the localizations, so the only
question is the relations between y and u, v and 7. But 3y € (v)y, where (v) is
the ideal generated by v, while 4y € (v)p, 2v =0, and 47 € (v)w. Since the v-adic
filtration is complete, the products yu, yv, and ym must all be 0. O



CHAPTER 3

The ku-homology of finite groups.

The purpose of this chapter is to explain and illustrate how to use the coho-
mology calculations to deduce their homology and Tate cohomology, and to discuss
the associated duality. For some time it has been routine to obtain additive in-
formation using the Adams spectral sequence methods, at least up to extension
[5, 6]. Indeed, our calculations of the cohomology used some of this information.
However we are using the local cohomology spectral sequence to deduce ku.(BG)
as a module over ku*(BG) from a knowledge of the ring ku*(BG) and the Euler
classes. This has purely practical advantages in the ease of calculating certain ad-
ditive extensions, but the main motivation is to obtain structural and geometric
information not accessible through the Adams spectral sequence. In particular we
expose the remarkable duality properties of ku*(BG) which follow from the local
cohomology theorem.

We begin by giving a more detailed discussion of generalities on the use of
the local cohomology theorem in Section 3.1, the duality in Section 3.3 and Tate
cohomology in Section 3.6. In each section, we end with specific examples.

3.1. General behaviour of ku.(BG).

One reason for understanding ku*(BG) as a ring is the local cohomology the-
orem which states that there is a spectral sequence

HE* (ku* (BG)) = ku.(BG)

where I = ker(ku*(BG) — ku*) is the augmentation ideal and H;(-) denotes
the local cohomology functor. Local cohomology can be calculated using a stable
Koszul complex, and it calculates the right derived functors of the I-power torsion
functor
Ii(M)={meM|I*m=0for s >>0}

on ku*-modules M. This is proved as in [22, Appendix]| and spelled out in [31].
What is required is an equivariant S-algebra ku with Noetherian coefficient ring
ku*(BG). A suitable S-algebra is feu = F(EG,,infSku), where inf{ is the highly
structured inflation of Elmendorf-May [17]. If G is a p-group, the augmenta-
tion ideal I may be replaced by the ideal &(G) generated by Euler classes, or
even &'(G) = (exu(V1), eru(V2), ..., exu(Vy)) provided G acts freely on the product
S(V1) x S(Va) x -+ x S(V;) of unit spheres [23]. The method of proof is described
in [22, Section 3].

The analogue for periodic K-theory [22] is particularly illuminating because
the representation ring is 1-dimensional, so the spectral sequence collapses to show
Ko(BG) = HY(R(G)) = Z and K,(BG) = HY(R(G)). The analogue for ordinary
cohomology has been illuminating for different reasons. Many cohomology rings
of finite groups are Cohen-Macaulay or have depth one less than their dimension.

63
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In these cases the spectral sequence collapses, and this shows that the cohomology
ring is actually Gorenstein or almost Gorenstein [29].

The connective K-theory ring ku*(BG) is more complicated. It is of I-depth 0
if G is non-trivial, and it is of dimension equal to the rank of G. Accordingly the
spectral sequence does not often collapse. Nonetheless we have found this method
of calculating ku.(BG) useful, and we illustrate the calculations in a number of
cases including cyclic groups, generalized quaternion groups, the dihedral group
of order 8, and most substantially, in Chapter 4, elementary abelian 2-groups of
arbitrary rank. For the remainder of this section we describe the approximate form
of our calculations.

For brevity we let R = ku*(B@G), and note that R[1/v] = K*(BG) by Lemma
1.1.1. For the remainder of the discussion, suppose that G is a p-group. It is often
useful to calculate local cohomology using the diagram

R —  R[Q/p] —  R/p™

! l l
R[1/v] —  R[/v|[1/p] — R[1/v]/p>.

The principal tool is the first row, but note that the second row is the chromatic
complex for periodic K-theory and therefore completely understood. Indeed it gives
the exact sequence

0 — H}(K*(BG)) — K*(BG)[1/p|-p — K*(BG)/p™ — H;(K*(BG)) — 0,
so that
HY(K*(BG)) = Zlv,v™"] - p
and
Hy (K*(BG)) = {(R(G)/(p))/p>} v, v™"].

The comparison between the rows gives essential information. The first row is not
so effective as in the periodic case, since there is often p-torsion in R. There are
cases of interest when R has no p-torsion, but in general we obtain the two short
exact sequences

I'hnR— R—R and R — R[l1/p] — R/p>.

The p-power torsion I',R is often essentially on the O-line of the Adams spectral
sequence and therefore a submodule of the mod p cohomology of BG. Let d denote
the depth of H*(BG;F,): typically this is fairly large, and in any case Duflot’s
theorem [13] states the depth is bounded below by the p-rank of the centre. We
will speak as if this is also the depth of I', R, although this is typically only true in
an attenuated sense (see Chapter 4 for further discussion). Furthermore the local
cohomology of I'y R should be very well behaved in the top degrees (Gorenstein or
almost Gorenstein). This says the local cohomology in most degrees (in degrees <
d—2) is the same as that of R. Now H}(R[1/p]) is concentrated in local cohomology
degree 0 (see 3.1.4 below) and therefore the local cohomology of R is that of R/p>
in one degree lower. In low rank examples this reduces the calculation of Hj(R) to
calculations of HY, which can be regarded as routine. In general we have H§(R) =
Hjsfl(R/pOO) for 2 < s < d — 2, and there is also a tractable exact sequence for
H?(R) and H}(R) in terms of I-power torsion.
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In the two most difficult cases we have calculated (the elementary abelian and
dihedral cases), these generalities have been usefully packaged as follows. We con-
sider the short exact sequence

0—T—R—Q—0

of R-modules where T is the v-power torsion. Thus @ is the image of ku*(BG)
in K*(BG), and in all cases except A4 it is the modified Rees ring: the K°(BG)
subalgebra of K*(BG) generated by 1,v and the K theory Chern classes of repre-
sentations. Although T is defined as the v-power torsion, in our examples when G is
a p-group it turns out to be the (p, v)-power torsion. In many cases it is annihilated
by the exponent of the group without the need for higher powers.

In the examples, I-local cohomology of @ can be calculated as (y*)-local co-
homology for a suitable element y* € I. In the abelian case the reason is that,
viewed in R(G), the ideal (y*) is a reduction of the augmentation ideal .J, and the
modification in general takes account of other Chern classes. This means that the
local cohomology of @ is zero except in degrees 0 and 1. Since @ C K*(BG), it is
easy to see that H?(Q) = ku* - p. It can be seen that H}(Q) is Z-torsion, and the
order of the torsion increases with degree.

SUMMARY 3.1.1. Provided T is of I-depth > 2,
HY(R) = ku* - p,
there is an exact sequence
0 — H}(R) — H}(Q) — H{(T) — H}(R) — 0
and isomorphisms
H}(R) = H}(T)
for i > 3.
We believe the hypothesis in the summary is always satisfied.
CONJECTURE 3.1.2. The I-depth of the v-power torsion submodule T is always
> 2.
Before turning to examples we prove some general facts.

LEMMA 3.1.3. (i) The Z-torsion submodule is v-power torsion.
(i) The v-power torsion submodule T is Z-torsion.

PROOF. Part (i) is obvious since K*(BG) is Z-torsion free.

For Part (ii) we need only note that [X, K/ku] ® Q = [X, K/ku ® Q] for any
bounded below spectrum X, because the limits in the Milnor exact sequence are
eventually constant, and that X = BG is rationally trivial. (I

LEMMA 3.1.4. The module R[1/p] has local cohomological dimension 0 in the
sense that Hi(R[1/p]) =0 for s > 0.

Proof: Method 1: Local cohomological dimension is detected on varieties, so by
Quillen’s descent argument (see Section 1.1) it is sufficient to check for abelian
groups A. By the Kiinneth theorem up to varieties (1.5.1) it is enough to check on
cyclic groups. This is true.

Method 2: Once the regular representation is factored out we have a vector
space over Q,. The action by the Euler class e of a one dimensional representation
has only the regular representation in the kernel. Thus e is an injective map of
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finite dimensional vector spaces (on R[1/p]/T'1R[1/p]) over Q, and hence an iso-
morphism. O

Since ku.(BG@G) is I-power torsion by the local cohomology theorem, the image
of the norm map lies in HY(ku*(BG)). These two submodules are often equal.

LEMMA 3.1.5. For a finite group G, we have H?(ku*(BG)) = ku* - p provided
either

(1) v is a regular element in ku*(BG), or
(2) the v-torsion of the p-Sylow subgroups of G is detected on the 0-line for
all p.

Proof: By 3.6.1 ku™ - p lies in the 0-th local cohomology. This gives a lower bound.

We also know by character theory that HY(K*(BG)) = K* - p. Therefore
elements of ku*(BG) detected in K*(BG) are only I-power torsion if they are
in ku* - p. If v acts monomorphically on ku*(BG), all elements of ku*(BG) are
detected in K*(BG) and we are done.

In the other case, the fact that ku*(BG) = K*(BG) in positive degrees shows
that the answer is correct in positive degrees. The v-torsion is Z-torsion, so it
suffices to check for each p that there is no more p-local I-torsion. By a transfer
argument, ku*(BG), is a retract of ku*(BP),) for a P-Sylow subgroup P. We
may therefore assume G is a p-group.

Thus it is enough to consider what happens in negative degrees on v-power
torsion. By assumption, all v-power torsion is on the 0-line of the Adams spectral
sequence. It suffices to find an element of the augmentation ideal which acts regu-
larly on the 0-line. Now [14] shows there is an element of mod p cohomology with
this property, and we show that it lifts to ku*(BG). Indeed, if p™ is the order of the
largest abelian subgroup of G, for each abelian subgroup A, we may consider the
total Chern class c¥*((p™/|A|)pa). Since resiapa = (|A|/|B|)pp, these elements are
compatible under restriction. The same is true of the degree p™ pieces, and so by
Quillen’s V-isomorphism theorem for complex oriented theories, some power lifts
t0 Ygu € ku*(BG). Since ku-theory Chern classes reduce to mod p cohomology
Chern classes, Duflot’s result about associated primes shows that 7, is regular on
mod p cohomology. ([l

REMARK 3.1.6. (i) We certainly expect this result holds more generally, and
note that any extra elements of H?(ku*(BG)) are I-power torsion but also (v, |G|)-
torsion.

(ii) We warn that an example of Pakianathan’s [49] shows that there need not be
a regular element of integral cohomology.

3.2. The universal coefficient theorem.

To understand the duality implied by the local cohomology theorem we begin
by discussing the ku universal coefficient theorem as it applies to the space BG.

PRrROPOSITION 3.2.1. The universal coefficient theorem for BG takes the form
of a short exact sequence

0 — Ext?, (228, ku,) — ku (BG) — Exth, (5P, ku,) — 0,
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where S is the (|G|, v)-power torsion in ke, (BG) and P = ke, (BG)/S.
Proof: Let M = ku.(BG). We may consider the filtration

LialmM € TiepM € M.

We shall show that each of the three subquotients M (2) = I'(jq|,nM = S, M(1) =
F(|G|)M/F(|G|7U)M and M(O) = M/F(|G|)M only gives EXtZu* (,ku*) in a single
degree:

Ext}, (M (i), ku.) = Extl,, (M (i), ku.).
This is clear for i = 0, since ku, (BG) = ku*GBI/JL*(BG), so that M (0) = ku., which
is free. It also follows that I'(q)M = E{L*(BG), so that M(1) = P. Accordingly,

once we know that M (1) and M (2) only contribute Ext in degrees 1 and 2, we will
have a short exact sequence

0 — Ext?, (S2M(2), ku.) — ku (BG) — Exth, (SM(1), ku.) — 0

as required.

Since ku.(BG) is |G|-power torsion it suffices to deal with one prime at a time
and we localize at a prime p dividing |G| for the rest of the proof. It is natural to
use the injective resolution

0 — ku* — ku™[1/p, 1/v] — ku*[1/p]/v>°Bku*[1/v]/p> — ku™/p™°, 0> — 0

of ku*. The statement about M (2) then follows directly since it is p and v torsion,
and

Exty, (32M(2), ku,) = Homy,, (52 M(2), ku. /|G|>,v™).

Now consider M(1). Since it is p-power torsion, its Ext groups are the coho-
mology of the sequence

0 R Homy,,, (M (1), ku*[1/v]/p™) A, Homy,, (M (1), ku™/p™,v>°).

For the term in cohomological degree 1, we note first that M (1)[1/v] = K, (BG).
This is H}(R(G)) in each odd degree, and zero in each even degree. Hence we
calculate

Hompy, (M (1), ku”[1/v]/p™) = Homp,, (M(1)[1/v], ku*[1/v]/p™)
= Homg(M[1/v]1,Z/p>)[v,v"1].
This is (R(V)/(p))} in each odd degree, and zero in each even degree.
For the term in cohomological degree 2, note first that M (1) is in odd degrees,

since it has no v-torsion and M (1)[1/v] is in odd degrees. Evidently M (1) is also
bounded below, whilst ku*/p>, v>° is bounded above and hence any map

M(1) — ku*/p™>,v™®
involves only finitely many terms
M(1)op 41 — Z/p™.
Finally, since M (1) has no v-torsion the restriction map
Homiﬁjl(M(l), ku*/p™,v™°) — Homgz(M(1)akt1, (ku™/p>,v>)o)
= Homz(M(1)2k41,2Z/p™)
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is an isomorphism. Since M(1)2;4+1 maps monomorphically to M (1)[1/v]zx41 it
follows that the differential d' is surjective. Thus Extf, (M (1),ku.) = 0. and

Exty 2 (M (1), ku.) = Homz ([(R(G)/p)/p™]/M 1)k 41, Z/p™).

3.3. Local cohomology and duality.

We now want to combine the Universal coefficient theorem of Section 3.2 with
the local cohomology theorem of Section 3.1 to obtain a duality statement. This
special case illustrates the general phenomena discussed in [26] and [15]. For this
we use the technology of highly structured rings. Thus we write ku for a non-
equivariant commutative S%-algebra representing ku-cohomology. For an equivari-
ant version we use the Elmendorf-May highly structured inflation inf$’ of [17] to
construct the equivariant S%-algebra ku = F(EG.., inf%ku).

We may summarize the discussion in Section 3.2 in the heuristic statement

ku*(BG) = RDgy, (kus(BGQG))

where Dy, (1) = Homy,, (-, ku.) and R denotes the total right derived functor
in some derived category. The precise version of this is the S%-algebra universal
coefficient theorem

F(BG4, ku) = Fyy(ku AN BG4, ku),
which is obtained from the equivariant statement

F(EG4, ku) = Fyu(ku A BG4, ku),

by taking G-fixed points, where ku is still the non-equivariant S°-algebra. The

expression makes sense since ku is a ku-module.
On the other hand, by the local cohomology theorem, ku.(BG) can be calcu-
lated using a spectral sequence from Hj (ku*(BG)), giving the heuristic statement

ku.(BG) = RT;(ku*(BG)).
Indeed, in the context of S%-algebras we may form the homotopy I-power torsion
functor T'; on the category of strict ku-modules. If I = (z1,22,...,2,) we define
['(zyku = fibre(ku — ku[l/x]) and
TyM =Ty kuAg Tayku A ... A T, ku A M.
The precise version of the heuristic statment is then the equivalence
kuA EG, ~TF(EG,, ku)

of G-spectra [22, Appendix] and [23].
We now combine the two results relating homology and cohomology of BG.
We obtain the heuristic statement

ku*(BG) = RDyy, (RT 1 (ku™ (BQ))).
The precise statement is the equivalence
F(EG.,ku) ~ F(T F(EG, ku), ku).

An algebraic statement is obtained by taking equivariant homotopy, and makes
the heuristic statement precise by using appropriate spectral sequences to calculate
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the left hand side. This states that the S°-algebra F(EG ., ku) is “homotopically
Gorenstein”. The terminology arises since if a local ring (R, I) of dimension n is
Cohen-Macaulay then Hj(R) = HJ(R), and R is then Gorenstein if and only if
DH}(R) is a suspension of R. However, since ku*(BG) has depth 0, the actual ring
theoretic implications are more complicated. They are nonetheless extremely strik-
ing in examples, as is described in Sections 3.1, 3.4, 3.5, and, especially remarkable,
that of elementary abelian groups given in Section 4.12.

3.4. The ku-homology of cyclic and quaternion groups.
If G is a cyclic group or a generalized quaternion 2-group, the calculation is
particularly easy.
LEMMA 3.4.1. If G is cyclic or generalized quaternion then there is an element
y in ku?(BQG) or ku*(BG) respectively, such that
H}(R) = Z[v]

H}(R) = R/(y™) := cok(R — R[1/y])
If s > 1 then H$(R) = 0.

Proof: For HY(R) we use 3.1.5. For the rest we observe G acts freely on the unit
sphere of a suitable representation V' and take y = e, (V). O

REMARK 3.4.2. When G is cyclic, we may view it as embedded in complex
numbers and take V' to be the natural representation of G on C, so y has its usual
meaning. When G is a quaternion group, we may view it as embedded in the
quaternions and take V to be the natural representation of G on H, giving y = ¢
in the notation of Section 2.4. Here we may see explicitly that I = (q,a,b) is the
radical of (q) since a? = vag and b? = vbq + gan_1 — q in the case of Qqn+2.

PROPOSITION 3.4.3. If G is cyclic or generalized quaternion then
ku.(BG) = Z[v] @ S 'R/ (y™).
Ezxplicitly,
(1) If R=R(Cy)/(p) = Z[a]/(1 + a + -+ a™1) then
kusi—1BC, = R/(1 - a)'

(2) //C\Q/LiBng& = A; ® B;, where A; = B; =0 if i is even, Ayp_3 = Agp—1 =
7)2F © Z/2%, and By,—1 = Bary1 = Cok(P¥), where P is the companion
matriz of the polynomial

_2n+2 _ f1v2q L fgn_l(’l}2q)2n_1
derived from the reqular representation as in Lemma 2.4.3.
The duality is especially simple for these groups because of the absence of
v-torsion.
COROLLARY 3.4.4. If G is cyclic or generalized quaternion, and R = ]/C\Q/I,*(BG)
then B
R ifi=1

EXt;@’U‘* (E_lR/(yOO)7 ku*) N { 0 otherwise
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Proof of Proposition 3.4.3: The first sentence is obvious from the Gysin se-
quence, since both groups act freely on the unit sphere S(V') for some representation
V' and therefore EG = S(coV'). Only the explicit statement needs proof.

First assume that G = C,,. Then R = ku*(BG) = ku*[[y]]/([n](y)) and the
n-series [n|(y) = yp so the image of R in R[1/y] is R/(p). In degree 0 this is the
ring R. In positive degree 2i (negative codegree —27) the image is v*R. In contrast,
R[1/y] in positive degree 2i is (1/y")R. Since v = (1 — a)?/y’, we see that

kugi 1 = H}P " *'(R) = R/(1 — )"

When G = Qan+2, recall from Lemma 2.4.10 that R/(p) in degree 2k has
an additive basis which is v* times {va, vb, 1, v3q, (v2¢)?, ..., (v2¢)*>"~'}. The
same lemma shows that R[1/q]srx = R*/¢"T! has basis (1/¢*T!) times {vaq, vbg,
q, v2¢%, ..., q(v?q)*>" "'} and R[1/qlapy2 = R?/¢**! has basis (1/¢F*!) times
{a,b,vq,v%¢?, ..., vq(v?q)?" ~1}. If we filter R/(p) by putting the summands involv-
ing a and b into filtration 0 and the rest into filtration 1, then both multiplication
by v and q are filtration preserving, and we can compute H}(R) as the direct sum
of two cokernels: one involving a and b, and the other involving only powers of q.
For the first part note that v?a = 2a/q and v?b = 2b/q modulo terms involving
only powers of ¢. Hence in degree 4k — 2 the map R/(p) — R[1/q] is

<v?*a, 0> = <2Fa/d* 2%b/ > — <a/d* b/q">

with cokernel Z/2F @ Z/2%. In degree 4k we have v times this with the same
cokernel. This accounts for the summands A;.

For the remainder, recall from Lemma 2.4.3 that the regular representation is
a polynomial of degree 2" in the Euler class v?q of a faithful representation:

p= 2n+2 + f1(1)2q) Lt f2"71(02q)2n71 + (,UQq)Qn.
Since p is zero in R[1/q], there we have

(U2q)2" — _9n+2 _ fl(U2CI) . f2n_1(v2q)2"—1'
In degree 4k the inclusion of R/(p) into R[1/q] is the inclusion of

2k

v <L, (PP TS — (1/4Y) <L (0P

>

and in degree 4k + 2 we have v times this. It is not hard to see that this is exactly
the group presented by the k-th power of the companion matrix of the polynomial
expressing the highest power of v2¢ in terms of lower ones as above. (Il

REMARK 3.4.5. For Qg the relation obtained by setting the regular represen-
tation to zero and inverting ¢ is v*q? = —8 4 6v?¢, so that we have

Bip—1 = Baks1 = Zozk+r @ Logr-1,

the group presented by the k-th power of the companion matrix

0 -8
1 6/
REMARK 3.4.6. For a cyclic group of prime order p, the result is especially

simple. In this case the ring R = Z[a]/(1+a +- - -+ aP~1) is the ring generated by
a primitive p® root of unity in the complex numbers. Here we can calculate that
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(1 — a)P~! is p times a unit. This, together with the calculation of R/(1 — ) for
i=1,...,p— 2, gives

. (Z)p*YYs @ (Z/p))yP~t=s if n=2j(p—1)+25—1
ku,BCp = with 0<s<p-1
0 otherwise

For a general cyclic group, there will be sets of summands with different rates
of growth corresponding to the factorization of 1 + o+ --- + ™! into cyclotomic
polynomials. For example,

EL”BOpz - An S Bn

where
(Z/p2) @ (Zfp TP 1 i n=2j(p—1)+ 251
A, = with 0<s<p-—1
0 otherwise
and
(Z/p ) @ (Z/p)P" P15 if = 2j(p? —p) + 25+ 2p— 3
B, = with 0<s<p?—p

0 otherwise.

3.5. The ku-homology of BDs.
In this section we shall compute ku.BDg as a module over
R = ku*BDsg
= ku*[a,b,d]/(v*d® — 6v*d® + 8d,va® — 2a,vb* — 2b,ab — (b* — vbd),
2ad, vad, 2bd — v*bd?, vbd — (4d — v*d?))

where a,b € R? and d € R* (Theorem 2.5.5). We shall use the short exact sequence
of R-modules
0—T—R—Q—0,
where @ is the image of R in K*BDg and T = T'(3, )R = I'o)R = I'(,) R. The
R action on T factors through P = R/(2,v)R = Fala,b,d]/(ab + b?), and it is
easy to see that T is the free P-module generated by ad € RS. We write MV =
Homp, (M,F3) for the Fa-dual of any P-module: note that if M is in positive
degrees, MY is in negative degrees, and vice versa, and that MY is again a P-
module.
The remainder of this section will be devoted to the proof of the following
theorem.
THEOREM 3.5.1. As an R-module, ku, BDs = kugqqBDs © ktioyen BDs.
(1) ktieven BDs = S2H2(R) = X2PV. Additively, kuy; BDs = (Z/2)".
(2) kucaaBDs = Y 'HL(R), with additive generators a;, b;, c;, and d; in
kusg;_1BDsg fori > 0.
(a) ku1BDg = (Z/2)2 =<a;> d <b;> s with di = a1 and ¢; = 0.
(b) kusBDg = (Z/4)3 =<ao> @ <by> @ <do> and co = 2az + 2ds.
(C) kusBDg = (2/8)3 =<az> @ <bs> ® <d3> and c3 = 4daz + 4ds.
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v a b d
a; 2011 ai—1 bi—1—2¢c;—1 0
bi | 2(bit1 — €i41Ciq1) | bic1 — 2¢i—1 | bi1 + 2€i¢-1 | 269
Ci 2¢i41 0 (1+e€)cio1 | cim2
d; | 2dit1 — €iciq1 0 Ci—1 di—>

FIGURE 3.1. The R-module structure of ku,qqaBDg. We let eg; = 0
and €2i+1 = 1.

(d) For i Z 4, k’u,gileDg = (Z/2Z)3 D A2i71 =<a;> D <bi> ©® <di>
& Asi_1, where
(1) Aan—1 = (Z/2"7) = <con + 2™ (azy, + don)>
(il) Aans1 = (Z/2"7") = <cant1 + 2" (agni1 + dony1)>
The R-module structure is given in Figure 3.1.

There is a simple heuristic which neatly describes the summands Ag; 1. First

note that 2"cy, = 0 and 2"cz,41 = 0. For any element x, write s(x) for 201z if
has order 2°. Then s(c;) = s(a;) + s(d;). Thus, by adding the appropriate multiple
of a; + d; to ¢; we obtain a summand whose order is half the order of ¢;.
Proof: Since R is concentrated in even degrees, ku,BDg splits as the sum of
the even and odd degree parts. We shall first calculate the local cohomology of
T and of @, then use the long exact sequence of local cohomology to calculate
the local cohomology of R. We will show that H?(R) = ku* - p, which is a direct
summand of ku,BDg. Since R has dimension 2, it follows that the local cohomology
spectral sequence must collapse to give isomorphisms I/C\’;LCVCHBDg = H?(R) and
kuoddBDg = Hll (R)

We start with T, which we have already observed is isomorphic to X6 P, where
P = F3a,b,d]/(ab + b). (Our suspensions are cohomological; that is, T"+¢ =
(L6P)nt6 = Pn) It is easy to calculate directly that HY(T) = H}(T) = 0
and H¥(T) = X°H?(P) = Y% "4PY = %2PV. Note that P is isomorphic to
H*(BDsg;F2) under a degree doubling isomorphism. We could give an alternative
calculation of the local cohomology by arguing that H*(BDsg) is Cohen-Macaulay
and hence, from the local cohomology theorem, Gorenstein.

The local cohomological dimension of @, like that of K*BDsg = R[1/v], is 1
(see Lemma 3.5.5 for an explicit proof). Therefore, the long exact sequence for H
gives an isomorphism HY(R) = HY(Q), which we shall show is ku* - p, just as in
3.1.5, and an exact sequence

0 — H}(R) — H}(Q) — H?(T) — H#(R) — 0

Observe that the map in the middle will be completely determined by its behaviour
in the bottom degree (top codegree) because the dual of H#(T) is monogenic.
We next compute H;(Q). It will help to have an explicit description of Q.

LEMMA 3.5.2. Q = ku*|a,b,d]/(ad,va® — 2a,vb? — 2b,b(a — b+ vd), d(4 — vb —
v2d)), which is a free Z, -module on the following basis:
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codegree  basis
4n + 2 a2n+17 ’Ud"Jrl, bdn7 b2n+1

4dn a?m, d™, vbd™, b*"
6 a®,vd?, bd, b

4 a?,d, vbd, b>

2 a,vd, v2bd, b

0 1, va, v3d, v3bd, vb

—2i,4>0 v times the basis for Q"

REMARK 3.5.3. Since @ is a subring of K*BDg, computations in ) can be
done in the representation ring. We will write elements of the representation ring
by giving their characters, where the character table has columns identity, center,
rotation, reflection, reflection, respectively. The images in the character ring of the
generators are:

va = (00022)
vb = (00202)
v’d = (04200)

DEFINITION 3.5.4. Let y = d + a® € Q*.

LeMMA 3.5.5. The radical of (y) is I, and hence Hf = H(,,. There is an ezact
sequence ‘

0 — H}(Q) — Q — Q[1/y] — H[(Q) — 0.

Now, v?y = (04244) in the character ring, and is therefore nonzero on any
element which is not a multiple of the regular representation p = (80000). This
gives us a practical method for completing the computation.

COROLLARY 3.5.6. HY(Q) = ku* - p, the free ku*-module generated by the
reqular representation p = 8 — dva — 2v?d — v3bd. There is a short evact sequence

0— Q/(p) — Q[1/y] — H{(Q) — 0.

This accounts for HY(R) = H?(Q). To describe H}(Q), let us temporarily use
the abbreviation H" := H}"(Q) Since multiplication by y is an isomorphism in
Q[1/y], and Q* = Q[1/y]* for i > 4, we find that we can compute

H—4n _ Q4/(yn+lQ—4n)
H74n+2 _ Qﬁ/(yn+1Qf4n+2)'
Then H~*" is spanned by
_ a? ;o Lo _wbd o
azn—yn_H Qn_W Con = — 77 2n_y"+1
and H~4"*2 by
~ _ a? ~ _ b3 - _bd ~ _ vd?
a2n—1 = W bop 1= W Con—1 = W don—1 = W

PROPOSITION 3.5.7. The top local cohomology H* = H}*(Q) 18
[ HQZZ/2:<5_1>,E_1 25—1; and&'_lzg_lzo.
.HO:Z/2@Z/2:<Eo,b0> ,EOZO, anddozﬁo.
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e H2=Z7/A®Z/A® /2 =<dy,by,¢1> and dy = 2d;.
e H %= Z/S@Z/S@Z/8 :<52,b2,d2> and EQ = 4(52 +d2)

and in codegrees less than -4,

o H™4n = (7/22"t1)3 @ 7Z/2"~ ' generated by Gop, Egn, Jgn, and Cop +
27+ Gy, + glvgn), respectively.

o H—4n=2 = (7./22n+2) 27, /2?1 Q7 /2" generated by Gany1, 52n+1, J2n+1,
and Capy1 + 2" Gy 1 + 2"52,1“, respectivelsy.

The same heuristic we used to describe the generators of the small summands

of ku.BDg works here as well. We have s(¢;) = s(a;) + s(d;). Thus, by adding the
appropriate (not equal) multiples of @; and ci to ¢; we obtain a summand whose
order is half the order of ¢;.

Next we wish to determine the map Hj(Q) — H?(T). We shall write the
elements of H#(T) = PV dual to a’d’ and b'd’, respectively, as 1/a’d’ and 1/b'd’.
Then we have

PROPOSITION 3.5.8. The homomorphism H}(Q) — H#(T) is

a o~ 1/p
/I;i —s 1/ai+1 + 1/bi+l
521' — 0 and 521;1 — l/dl

JQZ' (g 1/bdl and d2i,1 — 0

Proof: The bottom class must map nontrivially by connectivity and collapse of the
local cohomology spectral sequence. Then the R-module structure of Hj(Q) and
HZ(T) forces the rest of the map. O

The cokernel of this map is easily computed.

PROPOSITION 3.5.9. The map H?(T) — H?(R) is dual to the inclusion of
the ideal (ad) C P = Fafa,b,d]/(ab + b*) and this ideal is isomorphic to P, so
H2(R) = PV, with bottom class in degree 4.

The kernel is also easy to compute, though it requires more work to describe.
Let us define

a = 2a

b = 2b
Coj = Co; and o1 = 2Coi_1
do; = 2ds;  and  daj1 = dai_1

Then clearly H}Ql(R) is generated by a;, b;, ¢; and d;, and we have completed the
calculation of Hj(R).
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PROPOSITION 3.5.10. H}(R) is as follows:

Hy "™(R) = (z/2") &z/2""
= <ag> @ <bap> B <dop> D <can + 2" (azn + don)>
H[l,—4n(R) _ (Z/22n+1)3 o) Z/2n71

= <agnt1> D <bopt1> B <dopy1>
© <cant1 + 2" (azny1 + dont1)>

The only thing left to compute in order to finish the proof of Theorem 3.5.1 is
the action of R, and this follows easily from the R action in Q[1/y]. O

The duality obtained by combining the local cohomology spectral sequence and
the universal coefficient spectral sequence says roughly that the v-torsion submod-
ules of ku*(BDsg) and ku.(BDg) are dual and that their v-torsion-free quotients
are dual. To be precise, first note that each contains a copy of ku*, and that these
are dual by

ku, = HY(ku*BDg) = ku* - p
and
ku* = Homyp,, (ku.BDs, ku.).

The interest lies in the reduced groups. We have the short exact sequence of
ku*BDg modules

(4) 0 — T — ku BDg — Q — 0.
The local cohomology spectral sequence collapses to a short exact sequence
0 — X727V — ku, BDs — H!(ku BDg) — 0

and this is exactly the short exact sequence expressing ]/{J\{L*BDg as the extension of
the v-torsion submodule by the v-torsion-free quotient. Note that the top of T is in
degree —6, so that the bottom of X727 is in degree 4. Theorem 3.2.1 tells us that
the universal coefficient spectral sequence degenerates to the short exact sequence

0 — Ext?, (T, ku.) — ku (BDs) — Extp, (SH}(ku BDs), ku.) — 0.
One may check that the Ext! group is v-torsion free, and therefore this coincides
with our original extension (4), leading to the duality statements which follow.

PROPOSITION 3.5.11. The short exact sequence for HL*(BDg) from the local

cohomology spectral sequence is dual to the short exact sequence for E{L*(BDg) from
the universal coefficient theorem. More precisely,

- T ifi=2
[3 \Y _
Bxtky,, (T, kus) = { 0  otherwise
and

0 otherwise.
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O

Even more striking are the corresponding dualities in Section 4.12 for elemen-
tary abelian groups.

3.6. Tate cohomology.

As with any other theory, there is a Tate cohomology associated to ku [30] and
we have the norm sequence

- — kuy(BG) 25 ku*(BG) — t(ku)ly — Sku,(BG) — - - .

It is of interest to calculate the Tate cohomology, partly for its own sake, and partly
because of the information it encodes about the relationship between homology and
cohomology. For ku, the Tate cohomology contains most of the information about
both homology and cohomology in the sense that the norm map N is nearly trivial.
LEMMA 3.6.1. The image of the norm map ku.(BG) — ku*(BG) is the free
ku*-module on the regular representation in R(G)y = ku®(BG).
Proof: First note that ku.(BG) is in positive degrees, so in the range where the
image of the norm is non-trivial, ku*(BG) — K*(BG) is an isomorphism. The
result therefore follows from the corresponding fact for periodic K-theory. O

This means that we have an extension
0 — ku*(BG)/(p) — t(ku)sy — Sku,(BG) — 0.

This can conveniently be displayed by superimposing the Adams spectral sequence
for ku*(BG) (which occupies the part of the upper half-plane specified by s >
(t—s)/2) and the Adams spectral sequence for Sk, (BG) (which occupies the part
of the upper half-plane specified by s < (¢ — s)/2). The additive extensions can be
added to this.

For periodic K-theory the extension is as non-trivial as possible in the sense
that t(K)g is a rational vector space, terms of which arise out of 0 — Zp —
Qp — Z/p™ — 0. This is characteristic of one dimensional rings as shown in
[24], and the argument of Benson and Carlson [7] shows that for rings of depth
2 or more, the extension is multiplicatively nearly trivial. However ku*(BG) is of
depth zero, and it appears that the Tate extension is highly non-trivial.

For groups which act freely on a sphere, we can solve this extension problem
by James periodicity [30, 16.1] :

(5) t(ku)® = lim(ku A 2P

where P> is the associated stunted projective space.
THEOREM 3.6.2. (1) If G = C,, the cyclic group of order n, then

t(ku)$ = ku*[[y]][1/y]/(p) = ku*[[y))[1/y]/([n)(v))-
(2) If Q = Qan+2, the quaternion group of order 2" 2, then
t(ku)? = ku*(BQ)[1/4]

where q € ku*(BQ) is the Euler class of a faithful 2-dimensional repre-
sentation.
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.7 7 7 7 7 7 7
- 0’3” 2’” o o8 o o o
y y y 1 Uy Uy
6 4 2 0 2 -4

FIGURE 3.2. t(ku)g, = Zy[y, 1/y] with v = 2/y

Proof: James periodicity tells us that the limit (5) is simply ku*BC[1/y] if C is
cyclic, and is ku*BQ[1/q] if Q is generalized quaternion. Here y € ku?BC and
q € ku*BQ are as in Lemma 3.4.1. O

In these cases, the theorem tells us that ¢(ku)& is simply the periodic extension
of ku?BC with period 2, when C is cyclic, and of ku?BQ and ku*B(Q with period
4 when @ is generalized quaternion. (See figures 2.5, 2.6, 2.7, and 2.12.)

This has a deceptively simple form when C' is cyclic of prime order (see Figure
3.2), as shown by Davis and Mahowald.

THEOREM 3.6.3. ([12]) If p is a prime then

p-2 00
t(ku)? = \/ 2% [ =*HZ).
j=0 1=—00

Proof: Recall that p-locally, ku ~ [ Vv 221 V --. v £2(°=2)] The Adams spectral
sequence shows that mo;t(1)¢r = ZQ, generated by a class detected in cohomology,
as this is true of I>BC,. Let y; : t(1)» — ZQiHZﬁ be such a cohomology class.
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The product over all ¢ of the y; induces an isomorphism in homotopy and is there-
fore an equivalence. The result for ku follows. (|

This splitting into Eilenberg-MacLane spectra is quite exceptional, however,
and is probably confined to cyclic groups of prime order.

PROPOSITION 3.6.4. If G = Cpr for k > 1, Qan for n > 3, or SL(2,{), then
t(ku) is not a generalized Eilenberg-MacLane spectrum.

Proof: The inverse limit description (5) of t(ku)® applies when G is Cpr or Qan.
If G is SL(2,¢) then transfer and restriction allow us to split the 2-localization of
t(ku)C off t(ku)@2", and to identify the relevant part of the inverse sequence for
t(ku)@>". Thus, in each case we have a description of the G-fixed points of the Tate
theory as an inverse limit. We shall show it is not a generalized Eilenberg-MacLane
spectrum (GEM) by using Goerss’s theorem on the homology of inverse limits.
Goerss shows in [20] that the homology of the inverse limit is the inverse limit
of the homologies in the category of comodules, (the inverse sequence is Mittag-
Loffler), and that this can be calculated by taking the inverse limit in the category
of vector spaces and restricting to those elements whose coproducts have only a
finite number of terms.

The comodule H,(ku A P_,) is the extended comodule H, (ku)Opg)H.(P-p).
For G = Cpr, Hi(P-,) is a trivial £(1)-comodule. It follows that the homology
of the inverse limit ¢(ku)% is the finite coproduct part of the product of one copy
of H,(ku) for each integer. Suppose p = 2. Then H,(ku) is Fo[¢],£3,&5,...]. Tt
follows that the homology of the inverse limit has the property that the coproduct
of any element of B = H.t(ku) lies in Fo[£1,£3,¢3,...] ® B.

The homotopy of ¢(ku)®, computed in Theorem 3.6.2, is a sum of copies of Z§
in each even dimension. Thus, if t(ku) is a GEM, it is a product of HZ4’s. Now
H.HZ) = Fq[€3,&,&3,.. ], so the homology of such a GEM will have elements
whose coproduct contains terms of the form ¢ ® x. Since H,(t(ku)“) does not,
t(ku)¢ cannot be a GEM.

When p > 2, a similar argument applies with 2 replaced by 7. When
G = SL(2,¢), we also have that the relevant part of P_,, has homology which is

a trivial E(1)-comodule, so the same argument applies. Finally, since t(ku)(sf)(z’z)

splits off t(ku)%2", the latter cannot be a GEM either. O

REMARK 3.6.5. For real connective K-theory, the issue is more easily resolved,
because there are often nontrivial multiplications by 1. While (ko) is a GEM for
G cyclic of prime order ([12]), Bayen and Bruner ([6]) show that #(ko) is not a
GEM for G = Qg, and similar calculations show this for any quaternion or dihedral

group.



CHAPTER 4

The ku-homology and ku-cohomology of
elementary abelian groups.

In this chapter we discuss elementary abelian groups, mostly at the prime 2.
These are the only class of examples of higher rank that we consider, but this
suffices to illustrate the complexity of the structure.

In Section 4.2 the Adams spectral sequence is used to calculate the cohomol-
ogy ring ku*(BV) for an arbitrary elementary abelian group V of rank r. As
usual, this is a mixture of the one dimensional part from periodic K-theory and
an r-dimensional part from mod p cohomology. However both of these pieces are
slightly modified from their simple form and the way they are stuck together is also
interesting.

The succeeding sections are the most complicated bits of commutative algebra
in this paper. The bulk of the work is involved in calculating the local cohomology
of ku*(BV), but it shows that it is a very remarkable module. Still more striking is
the way that although there are many differentials in the local cohomology spectral
sequence, they are all forced for formal reasons, and all but three columns are
wiped out before the E>° term. This allows us to calculate ku.(BV) up to a single
extension and thereby to investigate the duality.

The results in this chapter are more cumulative than in previous cases, so we
start with Section 4.1 summarizing the results and the organization of the rest of
the chapter.

4.1. Description of results.

The aim of this chapter is to have a detailed understanding of the homology
and cohomology of BV for an elementary abelian group V of rank r. The basis for
this is the calculation in Section 4.2 of the cohomology ring R = ku*(BV). First
one may understand the mod p cohomology ring of BV over E(1) and, by Ossa’s
splitting theorem, the Adams spectral sequence for ku*(BV) collapses. One may
construct enough elements to deduce that there is a short exact sequence

0 —T — ku*(BV) — Q@ —0

of R-modules. Here T is the ideal of (p,v)-torsion elements of R, and @ has no
p or v torsion. In fact @ is the image of R = ku*(BV) in K*(BV) and one may
describe it explicitly. Furthermore the ring homomorphism

R — K*(BV) x H*(BV;F,)

is injective, the image in K*(BV) is the Rees ring ), and T maps monomorphically
into the second factor with an image that may be described explicitly as an ideal
in H*(BV;F,).

79
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Now let p = 2 and consider the calculation of the homology of BV from the
augmented cohomology ring of BV using the local cohomology theorem. The prin-
cipal advantage of this approach is that it is essentially independent of a basis of V.
Accordingly, the combinatorics and homological algebra is intrinsic to the problem.
By contrast, in higher rank examples the combinatorics arising by conventional
means involves arbitrary choices and appears intricate and mysterious. Finally, the
homological and combinatorial structures emerging here suggest the lines of the
calculation for higher chromatic periodicities, such as BP{n) for n > 2. We intend
to investigate this further elsewhere. The calculation of ku.(BV) is a substantial
enterprise and occupies Sections 4.3 to 4.11; we describe the argument in outline
before explaining the contents in more detail.

We let
I= (ylvaa' o ayT)
denote the ideal generated by the Euler classes y;, and note that by [23] this has
radical equal to the augmentation ideal ker(R = ku*(BV) — ku*) . The local
cohomology theorem (in this case an immediate consequence of the fact that we
may use S(ooaq) X S(coas) X -+ x S(ocoa;) as a model for EV') states that there
is a spectral sequence

E.,=H; " U(R) = kupq(BV).

We view this as a spectral sequence concentrated in the first » + 1 columns of the
left half-plane. It therefore has r — 1 differentials, d2, d3, ..., d", with

d:E, — E, ;.11
This is a spectral sequence of R-modules. We emphasize that the E? term is a
functor of R, so exposes intrinsic structure, and the entire spectral sequence is
natural in V.

Accordingly, our first task is to calculate the local cohomology groups H; (R).
First we remark that the submodule T of (2, v)-torsion is equal to the submodule
of 2-torsion, or equally, to the submodule of v-torsion (4.2.3). We thus begin with
the short exact sequence

0—T—R—Q—0,

where T is the v-torsion and @ is the Rees ring (the image of R in K*(BV)). It
turns out that 7T is a direct sum of r — 2 submodules 15,75, ...,T,, with T; of
projective dimension r — 4.

Before proceeding, we outline the shape of the answer. One piece of terminol-
ogy is useful. To have property P in codimension i , means that any localization
at a prime of height i has property P. Thus Gorenstein in codimension 0 means
the localization at any minimal prime is Gorenstein, Gorenstein in codimension
1 is stronger, and Gorenstein in codimension r is the same as Gorenstein (since
Gorenstein is defined as a local property).

We shall see that @ has local cohomology only in degrees 0 and 1 (it is of
dimension 1) whilst T; has depth 4 and only has local cohomology in degrees i
and 7. Furthermore it is startling that the dual of H}(T}) is only one dimensional
rather than ¢ dimensional as might be expected: thus T; is Cohen-Macaulay in
codimension r — 2, and it turns out that 7' is Gorenstein in codimension r — 2.
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From this information it follows that the ¢th local cohomology of R agrees
with that of T; except perhaps in dimensions 0, 1,2 and r. Indeed, there is only one
connecting homomorphism between non-zero groups: H}(Q) — H#?(T%). However
for V of rank > 3 there are non-trivial higher differentials. It is natural to view the
above connecting homomorphism as d', and in fact the only nonzero differentials all
originate in H}(Q), and each has the effect of replacing H} (Q) by twice the previous
one, so that E*, , = 2""'H'(Q) for 1 <i <rand E> , = E", , = 2" 'H(Q).
Furthermore the differentials d*, d2, ..., d" 2 are all surjective: this can be deduced
from the module structure together with the fact that ku.(BV') is connective. This
means that the £ term is concentrated on columns 0, —1 and —r; the Oth column
is the direct summand ku,, and in fact we obtain a rather complete and natural
description of the homology.

THEOREM 4.1.1. The spectral sequence has E*°-term on the columns s = 0, —1
and —r, and this gives an extension

0— ST — ku. (BV) — 12" HHQ)) — 0

of GL(V)-modules, and the extension is additively split. Here TV = Hom(T,F2)
is the Fa-dual and the suspensions are such that the lowest nonzero group in the
kernel is in degree 2 and the lowest nonzero group in the quotient is in degree 1.

The calculation is arranged as follows. In Section 4.2 the cohomology ring
ku*(BV) is calculated by the method of Chapter 2. In Section 4.4 we calculate the
local cohomology of @, and deduce some facts about its 2-adic filtration in Section
4.5 for later use. The calculation of the local cohomology of T" is more involved: in
Section 4.6 we describe a free resolution and use it in Section 4.7 to calculate the
local cohomology, with some Hilbert series calculations deferred to 4.8. In Section
4.10 we assemble the information to describe the local cohomology of R, and in
Section 4.11 we find the differentials in the spectral sequence.

Finally, with a complete description of the homology and cohomology Sections
4.12 and 4.13 we discuss the homotopy Gorenstein duality statement of Section 3.3
and the Tate cohomology of Section 3.6. In this case the duality statement turns
out to consist of the two isomorphisms

Ext;, (72T, ku,) =T

and N

Exty, (2" 'H}HQ), ku,) = Q
together with the fact that the other Ext groups vanish: the exact sequence from
the universal coefficient theorem corresponds to that from the local cohomology
theorem. The Tate cohomology displays both the extremely non-split behaviour of
periodic K-theory [30], and the split behaviour of mod 2 cohomology [7].

4.2. The ku-cohomology of elementary abelian groups.

Ossa [48] calculated the connective ku cohomology of an elementary abelian
group as a ku*-module and described the ring structure of the image in periodic
K-theory. Here, we reproduce his results and use the Adams spectral sequence to
determine the ring structure, which greatly illuminates the additive structure. We
will use the notation and results of 2.2.

We start with a characteristic free algebraic result. Let E(1) be the exterior
algebra over a field k of characteristic p > 0 on odd degree generators @)y and
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Q1. Let L be the infinite ‘string module’ (Figure 2.2) on a 0-dimensional class
determined by the string Q' Q1Qp'Q1Qp Q1 - .. (also called a ‘lightning flash’).
In detail, L has a k basis {z, | € {1,2},n > 0} with operations Qo(zn,1) = Tn,2
and Q1(2n,1) = Tn+1,2. The class xg 2 is the class from which all the others are
reached by means of the string

Qo' Q1Q0' 19, Q: - ..

LEMMA 4.2.1. With the diagonal E(1) action on the tensor product,

LoL=Le B <t @mi>
n,m>0

where the L on the right has initial class o2 ® xo.2, and the rest is the free E(1)-
module generated by the elements xp 1 ® Tp,,1 -

Proof: First note that we have at least a 2-adic integers worth of choices in the
copy of L we use, since each Qg ! has two possible monomial values. For definiteness,
let us choose {xg2 ® x,;}. It is nontrivial but elementary to verify that the sum is
direct and fills out all of L ® L. O
Since H*BC), is a sum of suspensions of L, as a module over E(1), the pre-
ceding lemma is the key to understanding the Adams spectral sequence for the
ku-cohomology of elementary abelian groups. We will use the following notation.

NotAaTION 4.2.2. Let B = B(C), and let BV = B x --- x B be the clas-
sifying space of a rank r elementary p-group V. Let N = {1,2,...,7}. Write
H*(By) = Elz] @ Fply] if p > 2, and Fafz] if p = 2. In the latter case, let
y = 22. In H*BV let z; and y; be the corresponding elements in the ‘" fac-
tor. We shall have occasion to consider H*BV as a module over the subring P =
Fply1,y2,...,yr]. Write the complex representation rings R(Cp) = Z[a]/(e? — 1)
and R(V) = Z[ax,...,a]/(a] —=1,...,a2 —1). For S C N, let

Vs =[]V
ics
where V; is the i'" factor C,, in V.
As a formal consequence of the stable equivalence X XY ~ X VY VvV XAY
we have a decomposition
BV, = \/ BNl
SCN
functorial for permutations of the basis.

As a consequence, stable invariants such as ku*, K* and H* of BV split in the
same way (as modules over the corresponding coefficients, but not as rings). There
is a corresponding additive splitting of the complex representation ring

R(V)= (D Rs
SCN

where Rg consists of those representations pulled back from Vs but no smaller
quotient. That is, Rg is spanned by the

IIer

€S
with each n; # 0 modulo p. At odd primes, we have the further splitting
(6) B=BC,=DB; V --- V Bp_q,
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where B; has cells in dimensions congruent to 2¢ — 1 and 2¢ modulo 2(p — 1). Thus

BN \/ Bz'l/\"'/\Bika
1<i;j<p—1

with concomitant splittings of ku*, K*, and H* of B’* and BV. The corresponding

splitting of Rg is
P <al-ap>
1<i;<p—1

when S = {1,...,k}, and similarly for other S. We therefore have compatible
splittings of ku*, K*, and H* of BV, and a similar splitting of R(V), all indexed
on the basis {a}'---air|0 < i; < p} of R(V). Therefore, to describe ku*BV we
shall compute each of the ku*(B;, A --- A B;,) and the multiplication which ties
them together.

Recall that the ku A B; are all equivalent up to suspension (Lemma 2.2.2). For
smash products of the B; we have the following key consequence of Lemma 4.2.1,
due to Ossa [48].

PROPOSITION 4.2.3. For each I = (i1,...,ix) there is a generalized mod p
Eilenberg-MacLane spectrum X and an equivalence

kuABi, N---ABy, ~ X; V kuAB; ~ X; V kuAS* 2B,

where i =iy + - - + i and we let Bjy,—1 = 22(1”1)Bj.

Proof: By induction and Lemma 2.2.2 it is sufficient to prove the Proposition for
k =2 and i; =iy = 1. Since

H*(ku/\31 /\Bl) = H*kU®H*(Bl /\Bl) 2 A® H*(Bl /\Bl),
E(1)

and H*(B; A B;) = YL ® %L = 4L ® L), the E(1)-free summand in
Lemma 4.2.1 produces a corresponding A-free summand in H*(ku A By A By).
Margolis’ theorem [43] gives a correspondence between bases of A-free submodules
of H*(X) and HF, wedge summands of X. This gives the generalized Eilenberg-
MacLane wedge summand. Let C' be the other summand. We wish to show that
C =~ kuA Bs. The diagonal map A : B — B A B induces the required equivalence

kuA By — kuA B -2 kuANBAB — kuA By A By — C.
To see this, it suffices to check that, in cohomology, the composite
B2—>B—>B/\B—>Bl/\B1

maps the summand X*L from Lemma 4.2.1 isomorphically to H*(Bs). Since 4L
consists of {zg 2 ® z,,;}, which maps to {y} ® H*(B1) in H*(B A B), A* maps this
to H*(Bs) as required. O

We can now describe all the ku*-module structure of ku*(BV'), and most of
its ring structure. The rank 2 case is shown in Figure 4.1. Note that in positive
Adams filtration we have constant rank 3, as in K* (BV4), while in Adams filtration
0 we have polynomial growth as in H*(BV3).

THEOREM 4.2.4. (1) The Adams spectral sequence
Ext’," (H* (ku), H*(BV)) = ku*(BV)

collapses at Fs.



84 4. ELEMENTARY ABELIAN GROUPS

(2) There is a set of generators for ku*(BV') as a ku*-module which is mapped
monomorphically to a vector space basis by the edge homomorphism

ku*(BV) — Ext®(F,, H*(BV)) = (Qo, Q1) —ann(H*(BV)).
(3) The edge homomorphism maps the subalgebra
ku*(B) ® - ® ku*(B)
ku* ku”
of ku*(BV') onto P =F,[y1,...,yr] C (Qo,Q1)—ann(H*(BV)).
(4) As a ku*-module, there is a splitting
ku*(BV) 2 M@ ku*(B) ® --- ® ku™(B)
ku” ku™
such that if x € M then then pr = 0 = vz, and zP is in the tensor
product. The summand M is mapped monomorphically to H*(BV') by the
edge homomorphism.

Proof: Any nonzero differential would have to occur on a finite skeleton, so its
dual would occur in the Adams spectral sequence for ku.(BV). But this spectral
sequence collapses by the geometric splitting 4.2.3 since this is so for both B and
HF,,.

Now (1) follows immediately from the collapse of the Adams spectral sequences
for B and HF,, while (2) follows because it is true in both these Adams spectral
sequences. Part (3) follows by naturality of the product.

The splitting in (4) also follows from the geometric splitting 4.2.3, since the
tensor product summand contains all the suspensions of ku A B; and some of the
HF,’s. Thus the summand M is a sum of 7, (HF),)’s, so is annihilated by p and v
and detected in Ext’. Since the p!* power of (Qo, Q1)—ann(H*(BV)) is contained
in Fply1,...,yr], if £ € M then 2P is detected by an element of Fy[y1,...,y,]. By
(3), an element ¢ of the tensor product subalgebra will be detected by this same

element of Fy[yi,...,y-], and hence 2z — ¢t will be detected in Adams filtration
greater than 0. But all such elements are in the tensor product subalgebra, hence
so is zP. (|

REMARK 4.2.5. The last item in this theorem gives a direct proof of the central
technical result of Chapter 1, Theorem 1.5.1 in this special case. This was the first
indication that such a result might be true in general.

COROLLARY 4.2.6. The map

ku*(B) @ -+ ® ku*(B) — ku*(BV)
ku* ku*

is a V-isomorphism.
We also have
COROLLARY 4.2.7. The natural maps induce an injective ring homomorphism

ku*(BV) — K*(BV) x H*(BV)

REMARK 4.2.8. This allows us to finish computing the multiplicative structure
of ku*(BV) in principle. We shall have more to say about this shortly.

REMARK 4.2.9. Consider p = 2. The generators of the tensor product subal-
gebra satisfy

27y = vyiy; =2y and  vyly; = 2uiy; = vy
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FI1GURE 4.1. The Ey = E, term of the Adams spectral sequence
Extpn)(Fo, H*(BV2)) = ku*(BVa)

Since the v-torsion maps to 0 in the periodic K-theory of BV, we have y?y; = yiyjz
there. This rather neatly explains the ‘somewhat weird structure’ observed by Wall
in his calculation of the image of cohomology in periodic K-theory in 1961 [57], in
that it shows these relations follow immediately from the relation between 2 and v
in the individual factors.
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Here is a more explicit description of the subset of H*(BV') which detects our
set of generators for ku*(BV'). Recall that P =F,[y1,...,y.-] C H*(BV).

ProroOsITION 4.2.10.

(Qo, Ql)—ann(H*(BV)) =P+ Im(Qle)

Proof: Certainly the right hand side is (Qo, Q1)-annihilated. On the other hand,
Lemma 4.2.1 implies that we need only consider the (Qq, @1)-annihilated elements
of the suspensions of L, which all lie in P, together with the (Qo, @1)-annihilated
elements of F(1)-free summands which are exactly the image Im(QoQ1). O
We shall also need to know what is annihilated by the smaller ideal (Q1Qo).

PropPOSITION 4.2.11.

(Q1Qo) —ann(H*(BV)) = Im(Qo) + Im(Q1) + P + @ Pz;.

Proof: It is easy to check that the right hand side is annihilated by QoQ1. Let
N = H*(BC)"). Tt suffices to assume 7 > 1 and show (Q1Qo)—ann(N) = N’,
where
N'=Qo(N)+ Q1(N) + Py1 - yr + Py1 -+ - yr—1.
Again it is clear that N’ is annihilated by Q1Q.
By the Kiinneth formula, H.(N; Q1) is the set of all cy; - - -y, where ¢ € P has
degree less than p — 1 in each variable y;. Hence if Q1Qom = 0 we deduce

Qom = Qin+cyr - Yr,

where the dimension of n is smaller than the dimension of m. Applying Qo gives
@1Qon = 0; by induction we conclude

Qin € Im(Q1Qo) + Py1 -y
Since H,(N; Qo) = 0 we obtain
m—Ccyi - Yr—1Tr EN/

and the result follows. O

REMARK 4.2.12. Againlet p = 2. If I = (iy,...,14,) is a sequence of nonnegative
integers, let @/ = 7' ... 2l and let 21 = (2iy,...,2i,). If S C Nlet w5 = [[;cq @i
Then every monomial in the z; has a unique expression as z?/zg for some I and

S. One computes that
Qo (z* ws) = aas Y wmiad

i,JES iF#]
Thus, as a module over Fay[2?, ..., 22] = Fa[y1, . .., 4], the (Qo, Q1)-annihilated
elements are generated by the 2" elements g5 = QoQ1(zs). In fact, this is redun-
dant, since gg € Fo[z?, ..., 22] if | S| < 3, so it suffices to use those gs with |S| > 3.

T

Thus, the module M defined in 4.2.4 is generated as a module over the tensor prod-
uct subalgebra by 2" —1—1r — ( ; ) elements detected by these gs. A more precise

analysis of the entire 2-torsion (= v-torsion) submodule can be found in Section
4.6.
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For example, the first exotic generator (i.e., a class not in the tensor product
subalgebra) occurs when V has rank 3 and is the element g1 2,3y € ku”(BV) = Z/2.
It is detected in Ext® by

QoQ1(z12013) = xlxgzzrg + :rlx%:rg + :zrfargxg + .I%I%.Ig + .I;%Izd?g + x%x%xg
By Corollary 4.2.7, the square q%1,2.,3} € ku'*(BV) is the unique element whose
image in periodic K-theory is 0, and which is detected by (QoQ1(z17273))? in
Ext". The relations in ku*(BV) mean that this element has many representations,
e.g.,

Thosy = ViIY5Ys +Y1vay3 + Yivaus — Yivays — yivaus — Yivsys
Y1Y3Ys — Y1¥aY3 +YiYeys — Y1Y2Ys — Yiveys + yiyays

This is GL(V)-invariant since g1 2.3} is the unique nonzero element of ku’(BV),
so is fixed by every automorphism. The referee points out that this can be written
in a transparently invariant form:

) Yr Y2 Y3
q{1,2,3y = det yi y% y§
Y1 Y2 Ys

4.3. What local cohomology ought to look like.

We now begin the process of calculating the local cohomology of the ring R =
ku*(BV) when p = 2. This will occupy us until Section 4.11 and is principally
a local cohomology calculation. We therefore spend this short section building
appropriate expectations.

One of the attractions of our method is that our calculations do not involve
choices. The choice of basis used in the preceding section to calculate the Adams
spectral sequence for ku*BV was a temporary expedient which has served its pur-
pose. What this freedom from arbitrary choices means in practice is that one can
identify additional structures. Most importantly, our answers are representations of
GL(V). It is also practical to track naturality for group homomorphisms V- — V',
and to identify the action of cohomology operations.

In describing local cohomology we should compare with that of the best behaved
modules. We describe the general behaviour of the I-local cohomology H; M of an
R-module M, and then impose the conditions giving the best behaviour. First,
the local cohomology modules vanish above the dimension d of the module M (i.e.,
above the Krull dimension of the ring R/ann(M)). On the other hand the local
cohomology Hj (M) vanishes up to the I-depth of M, so that if there is an M-
regular sequence of length [ in I we find H:(M) = 0 for i < [, and the potentially
non-zero modules are

HL (M), HPN (M), ..., HY(M).

Thus if we restrict to modules which have I-depth equal to the dimension d (the so-
called Cohen-Macaulay modules), the only non-vanishing local cohomology module
is H}(M). The best case occurs when this has a duality property. We describe this
in the simplest case when (R, I, k) is a local ring and R is a k-algebra. Here the
duality property states

Hj(M)=H{(M) =x"M"
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for some v, where MY = Homyg (M, k) is the k-dual of M. When this duality prop-
erty holds, we say that M is a Gorenstein module of Krull dimension d. However
we warn that there is usually no natural comparison map.

To give life to these remarks, we consider the polynomial ring R = k[W] over
a field k, where W is a vector space of dimension r, concentrated in degree —2
(i.e., codegree 2). Thus R is of Krull dimension r, and of depth r, so that Hj(R)
is concentrated in degree r. Choosing a basis of W it is easy to calculate H}(R)
directly, and hence to check that R is Gorenstein with v = —2r. More concretely,
we may take » = 1 and consider the ring R = k[z] with z of degree —2. Thus
Hj(k[z]) = H}(k[z]) = k[z,271]/k[z]. This has dual ¥~2k[z] so that R is Goren-
stein. However if a cyclic group C' = (g) acts on k[z] via g - = Az for some scalar
A, then g acts on the bottom element of Hj(R) as 1/A. The corresponding fact for
an arbitrary representation W of dimension r is the equivariant isomorphism

HE (kW)Y = 2~2E[W] @ det(W).

The case that most concerns us is k£ = Fs, in which case the determinant is neces-
sarily trivial.

Even though not all modules are Cohen-Macaulay, the higher local cohomology
modules are always the most significant. More precisely, if M is finitely generated,
Hi(M) is an Artinian module so it is natural to consider its dual Hi(M)" which
is a Noetherian module when R is local. It turns out that Hi(M )" is of dimension
< 4. In our case this has very concrete implications. Indeed, we will be working
over R = k[W] with graded modules of finite dimension over a field in each degree;
in that case, being of dimension < ¢ means that the Hilbert series is bounded by a
polynomial of degree i — 1. We will find that the local cohomology modules that
arise in our examples deviate from the Gorenstein condition by much less than
this generic amount: the difference will consist of modules whose dual is only one
dimensional.

We pause to formulate some notation for suspensions. Firstly, we often use the
algebraists’ notation

M(n)=%X"M
for typographical reasons. We also need to deal with modules M that are zero
above a certain degree; the dual MY of such a module will therefore be zero below
a certain degree. It is convenient to use the notation

Start (i) M"Y

for the suspension of MV whose lowest nonzero degree is i. The notation Start(i) N
always implies that N is a non-zero bounded below module.

4.4. The local cohomology of Q.

The module @ is the image of ku*(BV) in K*(BV), and is therefore the Rees
ring of the completed representation ring for the augmentation ideal. It is thus
generated by 1,v,y1,...,y,; the elements y; are the images of the ku-Euler classes,
and therefore vy; = 1 — ;.

We begin by giving a description of () as an abelian group: this is the only part
of the calculation in which we are working over the integers rather than over Fs.
First, @ is generated by monomials v*y! where I = (iy,...,i,). Next, note that
because we have factored out T', a monomial 4/ is determined by its degree and the
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subset Supp(I) = {s | is # 0} of indices which occur in it. Therefore, if S # 0, we
write y§ for the element of degree —2n in which the set of indices which occur is S.
We also permit yy = 1, although the empty set is exceptional at several points. By
construction y;yg = ygj‘;i}. Finally Uyg"’l = 2y¥¢ provided y§ exists (i.e., provided
the subset S has < n elements).

LEMMA 4.4.1. As an abelian group, @Q is the direct sum of Z[v] and a free mod-

ule over Z . The free module has basis the monomials y% with n > |S| and viy‘ss‘

fori>0. 0

REMARK 4.4.2. Tt is helpful to display @ in the style of an Adams spectral
sequence. We filter it by powers of the ideal (2, v) and display the associated graded
module, with the subquotients of @); in a column above 7, each basis element of the
resulting graded vector space represented by a dot, and vertical lines representing
multiplication by 2. Thus if n > | S|, the element y% contributes a dot at (—2n,0)
and 2'v7y% contributes a dot at (—2n + 24,1 + j).

Although we want Hj(Q) as a module over ku*, the calculation of the abelian
group only requires the action of PZ = Z[y1,y2, . . ., yr], and it is convenient to let
Q' be the PZ-submodule of elements of degree < —2r. Thus as an abelian group,
Q' is free over Z4 of rank 2" — 1 in each even degree < —2r. We define Q" by the
exact sequence

O—»Ql—>Q—>QN—>O,
Since Q" is bounded below, it is I-power torsion and
H7(Q") = H}(Q") = Q".

Now let us turn to the module Q. We place great value on making our answers

functorial in V| and in particular they should be equivariant for GL(V'). The action

on @ can be made explicit from the matrix form of an element of GL(V') by using
formal addition in place of conventional addition. For example, if V' is of rank 2,

the matrix
0 1
1 1

Yo — Y1 O Y2 = Y1+ Y2 — VY1Y2 = Y1 + Y2 — VY0
Notice that the matrix entries are mod 2, whilst @ is torsion free. Since [2](y;) =
Vi Oy = yi +yi — vy? = y; +yi — 2y; = 0, this is legitimate.
Evidently it is very useful to pick out an invariant element. We do this by
working from the obviously invariant element

p = ZQEVVQ
_ |V|T_Zaevv vepu(@)
>ico 27 (=) Z\S\:i Ys-
LEMMA 4.4.3. The module Q@ contains a unique element y* € Q_o, with the
property

takes

vyt = V[ —p.

and this element is invariant under GL(V').
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FIGURE 4.2. The module @ in rank 4.

Proof: Since v is a monomorphism on @, there is at most one such element y*,
and since p is GL(V')-invariant so is y*. To show y* exists we note that

yr = (—1)Flyg
)
has the required property. (I

LEMMA 4.4.4. The element y* is Q'-regular and furthermore y* : Q!, — Q!,_,,
is an isomorphism when Q! # 0.
Proof: It suffices to show v"y* is regular. However the y;’s all annihilate p, so v"y*
acts as |V]. Since @’ has no Z-torsion, y* is regular. Since v" acts as multiplication
by |V| we see that multiplication by y* is also surjective. O
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LEMMA 4.4.5. The module Q' is of dimension 1 and
H7(Q)=H[(Q)=Q'1/y]/Q".
Proof: We may begin by calculating local cohomology for the principal ideal (y*) C
I. From 4.4.4 we see

H{,o(Q) = Hi,y(Q") = Q'L/y"]/Q".

This is in particular bounded below, so I-power torsion, and hence equal to H; (Q’).
O

REMARK 4.4.6. It seems that the module @)’ is also Gorenstein in the sense
that

Hi(Q) = HA(Q') = Start(—2r +2)(@")".
To establish this we might use the product
QI/y" e Q[/y"] — Q[1/y"].
We then notice that the periodicity y* (of degree —2r) has an rth root, 2/v (of
degree —2). This allows us to pair complementary degrees to Q[1/y*]o. Finally, we

need to show that this admits a map to Z% giving a perfect pairing.
So far we have only checked this in rank 2. In this case the map is

AMYT + A2ys + A2yls —— 2(A1 4 A2) + Aug,
and the duality gives dual bases
{1 92" y12" and {7 — i, 45 — Y1, =91 — v2 + 3yla)-
There is an obvious generalization of the augmentation to the general case, but to
see it is GL(V)-invariant and gives a duality, we need to describe it neatly in terms

of representation theory. But be warned that the image in periodic K-theory is not
the augmentation ideal, for which this construction does not work.

PROPOSITION 4.4.7. The local cohomology of Q is given by

. ku* - p ifi=0
Hi(Q)=1q Q/y']/Q ifi=1
0 otherwise

For practical purposes, H}(Q) is best calculated by the exact sequence
0— ku*-p— Q" — Q'/y"]/Q — H1(Q) — 0.

We may make explicit what this is in degree —2r +2n. In negative degrees we have
Hy(Q)-2r+20 = ZH{yg" ™ | S # 0}/ (21517 Frygn=2n)

where negative powers of 2 are treated as 1. As an abelian group this is

C) zZ/2" & <ri 1) zZ/2 ' e (T " 2) 7/ 2 g @ G) z/9n- 1

where (:) is a binomial coefficient. In degree zero and above we have

HHQ)-arsan = Z3{UZ" ™ | 8 # 0}/ (2SI my3=2r o)
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F1GURE 4.3. The first local cohomology of @ in rank 4.

where
T = QT Z(_1)|S|y§n—2r
S0

As an abelian group this is

(:) 7)2"" & <r ’ 1) Z/2" ' @ (r " 2) 7/ 2. <’1"> z/2n -+,

Proof: First consider H?(Q). By definition @ has no v torsion, and since T is v-
power torsion, @ is a submodule of ku*(BV)[1/v] = K*(BV). Hence H?(Q) is the
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submodule of HY(K*(BV)) = K* - p consisting of elements from ku*(BV). This
calculates HY(Q) = ku* - p.
Consider the exact sequence
O—»Ql—>Q—>Q”—>O,
This shows that @ is of dimension 1, and gives an exact sequence
0 — ku*-p— Q" — H} (Q) — H} Q) — 0.

The image of v™ " is identified from the fact that |V | — p = v"y* and the fact that
p is trivial in Q[1/y%]. O

4.5. The 2-adic filtration of the local cohomology of Q.

In the analysis of the spectral sequence we need a number of facts about the sub-
quotients 2072 H}(Q)/2""*H}(Q), and we prove them here. We need their Hilbert
series and an estimate for the degrees of generators.

LEMMA 4.5.1. Fori=2,3,...,r, the graded Fy-vector space
(277 H} Q)2 HH Q)
has Hilbert series t*" ~2"T2((1 + z)" — 2"~ *1) /(1 — ), where z = t2.
Proof: In 4.4.7 we calculated H}(Q) as an abelian group. We immediately deduce
the subgroup 2:"2H}(Q) in degree —2r + 2n. Note first that H}(Q) has an element
of order 2”71, so that in all cases H}(Q) is non-zero in some negative degree. We

write the group as a sum of cyclic groups Z/27 with the convention that if j < 0
the contribution is zero. In negative degrees it is

r n—i+2 r n—i+1 r n—i o r n—r—i+3
(T)Z/Q @(T_I)Zﬂ @ (T_2>Z/2 SRR (1)2/2

In degree zero and above it is

r . r . r : T :
Z 27177"714’2 Z 2n71+1 Z 2n71 . Z 2nfrfz+3'
<r> / © (r — 1> / @ r—2 / ©oe 1 /

Now consider the dimension of the graded vector space 28 2H}(Q) /271 H}(Q)) as
the degree increases through the even numbers. It is zero until degree —2r + 2¢ — 2

(i.e., n =i — 1), when it adds the binomial coefficients (:), (Til), ceey (6) in turn,
except that as we pass zero the number added is one less. This corresponds exactly
to the calculation of ((1 + )" — 2" (1 + 2+ 2% + 2% +---). O

The quotients of the 2-adic filtration of the local cohomology of @) are naturally
modules over P = Faly1,y2, ..., yr.

LEMMA 4.5.2. The P-module (2°72H}(Q)/2' 1 H} (@) is generated by its el-
ements in degrees > 0.
Proof: Let H = 207 2H}(Q)/2"'H}(Q). This is a module concentrated in even
degrees > —2r + 2¢ — 2. The statement to be proved is equivalent to showing that
if j > 0 then any map 7 : H(—2j) — [y factors as H(—2j) — H — F3 where
the first map is multiplication by an element of P.

On the other hand, our calculation of H}(Q) as a quotient of Q[1/y*] shows
that a basis of Ha; is given by the images of 20 2yg for i —j — 1 < |S| <r —1 and
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|S| =rif j >i— 1. It suffices to deal with maps n = ng from the dual basis, and
we do this by induction on j.

Suppose then that the elements né are all realized, and consider the problem of
realizing né“. There are three cases according to which subsets S qualify to give
generators for j and j + 1.

If the same subsets qualify as generators for j and j + 1 (i.e., if j > i — 1),
we argue by induction on |S|. Suppose that nlj;fll is realized if |T'| < |S|; this is
vacuously true if |S| = 1. Now choose s € S and notice that

whys =0 ki

In the other cases 25’2y{172)m$} does not qualify as a basis element and by
4.4.7 is equal to the sum of all basis elements.

The next case is if the new subset qualifying for j + 1 is {1,2,...,7} (ie., if
j =4 —2). Then we note that all proper subsets qualify for j. Note first that

J _ g+l j+1
M2, {shYs = M2,k T2, (s

Now argue by induction on |S|, assuming 7} " is realized for |T| < |S| < r; this is
vacuously true if |S| = 1. Now choose s € S and note that
P S j+1 j+1 j+1
NsYs =15 +0e\ sy T T, oy T 700 r)\(s)-
The final case is if the new subsets qualifying for j + 1 are the smallest (ie if
0 < j <i-—23). To start with, if |S| =r — 1 we let t € S be the omitted number
and then

j j+1
syt =g -
Now we argue by downwards induction on |S|, supposing that n%“ is realized for
r > |T| > |S|. Again we choose ¢ ¢ S and note that

J _ J+1 +1 J+1
Moo ¥ =08 + Mo g T 500

This completes the proof. (Il

REMARK 4.5.3. The critical use of the relation for ysy o . ,) shows that the
proof does not extend to showing H" is generated in strictly positive degrees.

4.6. A free resolution of T.

We now turn to the (2, v)-power torsion submodule T. We first recall that T
is exact (2, v)-torsion. Thus all calculations in this section are mod 2, and indeed
over the polynomial ring P = Fa[y1,¥ya,...,y-]. The action of GL(V') on P is now
standard. The action of GL(V) on local cohomology has not been made explicit.
However since the discussion is in terms of the polynomial ring, it can be read off
in a straightforward way.

The structure now becomes more intricate. We recall that we may view the

polynomial ring PE = Fa[z1,x2,...,2,] in elements x; of degree 1 as a module
over P = Faly1,y2,...,yr] where y; acts via 2?. As such PE & P ® E where E is
an exterior algebra on x1,x9,...,z,, and PF is a free P-module on the square-free

monomials in x1, 22, ..., 2.
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Now T is the P-submodule of PE generated by certain elements gg of degree
—|S| — 4, where S is a subset of {1,2,...,r} with at least 2 elements. By definition

qs = Q1Qoxs where x5 = H Ts.
ses
One calculates that
gs =5 Y (reaf+ade) = Y wg\ oy (@leitalal) = Y ws (o WU YY)
s,teS s,teS s,tesS
Now consider the submodules
T, = (gs | [S] = 1).
Since every monomial in the z’s in gg has exactly |S| — 2 odd exponents, it follows

that T; lies in the free P submodule of PE on the degree i — 2 part of E. Hence in
particular, the submodules T; have trivial intersection, and

T = @T
=2

We now set about constructing a free P-resolution of T;: it will turn out that
a suitable truncation of a double Koszul complex will give the presentation.

We will need to consider modules (;) P(—k), where (;) is the binomial coefficient
counting j-element subsets of a set with r elements. We use the basis {x;(S)}s
where S runs through subsets of {1, 2, ..., 7} with exactly j elements. The subscript

gives the degree.
LEMMA 4.6.1. There is a presentation

( . )P(—i—f))@(i_:l)P(—i—S) (dody) (:>P(—i—4)—>Ti_>o,

i+ 1
where
do(zi16(T)) = Z Yewipa(T\ {t})
teT
and
di(ziys(T)) = Z yiripa(T\{t})
teT

REMARK 4.6.2. This immediately shows that T, is free on a single generator
of degree —r — 4. All other modules require more detailed analysis.
Proof: By definition T; is generated over P by (:) generators of degree —i — 4.
This establishes exactness at T;.

The key to exactness at the next stage is that the action of Q1Q¢ is P-linear,
together with the fact (4.2.11) that

ker(Q1Qo) = im(Q1) +im(Qo) + P + @ Px;.

i=1
First we note that the composite at (})P(—i — 4) is zero. We calculate
edotive(T) = €2 e yeiva(T\{t})
= Lier YdT\(1)

Q1Q0 X_es 1T\ {1}
Q1Qo(Qoxr)
0.
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Slmllarly €d1Ii+8 (T) = QlQO(leT) =0.

Now suppose
6(2 Aswipa(S)) = Z Asqs = 0.
s s
By P-linearity of Q1Qo, the last equality is of the form
Q1Qo(Y_ Aszs) =0.
s

Now the submodule of PE annihilated by Q1Qy is the sum of P + &Px; and the
images of @1 and of Q. Since Y Aszg lies in the part of PE spanned by monomials
with |S| odd exponents, and |S| =i > 2, we see that

> Asws = Q121 + Qozo-
S

Since

Qozr = Z YT\ {t}>
t

if we write z9 = Y, par, and similarly 2y = Y, phop with the sums over T' with
|T| =i+ 1, then
As= )y +yinr
T=50{t}
and
d0> " u§wive(T) + prais(T)) = Y Aswiya(S)
T S

as required. (I

Now that we have the start of a resolution visibly related to the Koszul com-
plexes for the regular sequences yi,¥s, ...,y and y?,y3,...,y2 it is not hard to
continue it.

PROPOSITION 4.6.3. The module T; has a free resolution
00— F_—F_j1—...— Fp—T;, — 0,
where
F, = (i ) [P(—i—4—-25)®P(—i—6—25)D - @ P(—i—4—4s))].
i+s
Note that this involves generators x;(S) where S has i + s elements and
o j =1 mod 2 and
o 25| < j < 4|S|
The differential is
d(z;(S)) =Y yswj—a(S\ {s}) + yia;—a(S\ {s}),
ses
where x;(T) is interpreted as zero unless the two displayed conditions are satisfied.

REMARK 4.6.4. It follows that the rank of T} is (::;)
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FIGURE 4.4. The double complex resolution for 735 in rank 6.

Proof: We construct the above resolution as a truncation of an exact complex. For
definiteness, we give the argument for T in detail, and explain the modifications
for T; with j odd.

Indeed, we form the double Koszul complex K as the free P-module on gener-
ators y(S) of internal degree —2k. We may define two differentials

doy(S) =D ysye-1(S\ {s})

seS

and
diy(S) =D y2yn—a(S \ {s}).

seS
It is easy to verify that dg = 0, d% = 0 and dpdy = didy. We thus obtain a
differential d = dy + d1. Now the homological degree of y(S) is |S|, and it is
convenient to display K with y;(S) at (k—|S],2|S|— k). This means that dy moves
down one step and d; moves left one step. This suggests introducing a filtration by
left half-planes:

CKp CKpp1 CKp2C---CK
where
Kp = (ye(9) [ k= [S| < p).
This gives rise to a spectral sequence
E;S,q = Hpq(Kp, Kp-1),

standard in the homological grading, so that the differentials dy and d; defined
above are named so as to fit the standard spectral sequence notation.

Note that by construction K,/K,_1 is the Koszul complex for the sequence
Y1, Y2, ..., Y Accordingly, since y1,yo, ..., ¥y, is a regular sequence in P, it follows
that dy is exact except in the bottom nonzero degree in each column. Since this is
in homological degree 0, there are no other differentials. We conclude that (X, d)
is exact except in homological degree 0.

Now the proposed resolution S = S(Ts) of Tok is the quotient complex of K
represented in the plane by the first quadrant with bottom corner generated by
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Yr+2(S) with | S| = 2k (i.e., at (2—k,3k—2)). From 4.6.1 we know that the bottom
homology of S is Ty, and it remains to show that S is exact except at the bottom.
We deduce this from acyclicity of K. Indeed, since S,/S,_1 is a truncation of
a Koszul complex, F1(S) is a chain complex C concentrated at the bottom edge
(i.e,, ¢ = 3k — 2), and a diagram chase establishes that d; is exact on C except
at the bottom. Suppose x € C is a dj-cycle not in the bottom degree; we show
that x is a dy-boundary. By definition of C, z = [Z] for some &, where [-] denotes
do-homology classes. Since z is a cycle, there is Z so that diZ = ¢ and doZ = .
Now d(& + 2) = doZ + dy2. Since doZ and dyz are d-cycles, and we are above
homological degree 0, there are elements s, u with ds = & and du = %, and we find
d(Z + 2 + s+ u) = 0. Hence there is a v with dv = & + 2+ s + u. Resolving v into
its components we find & = dov’ + d1v” and so

€T = [,f] = [.f + do’Ul] = [dlv//] =d [’U”]

as required.

Finally, note that the only fact about P used above was that y1,y2,...,y, is
a P-regular sequence. We may therefore replace P by the odd degree part of PE
and obtain the desired conclusion for T} with j odd. 0

EXAMPLE 4.6.5. (i) If r = 2 then T' = T is free of rank 1 over P on a generator
of degree —6.
(ii) If r = 3 then T' = T» ® T3 where T3 is free of rank 1 over P on a generator of
degree —7, and 75 admits a resolution

0 Ty — @P(—ﬁ) — <§> [P(—8) & P(~10)] — 0.

(iii) If r = 4 then T = Ty, & T3 ® T, where Ty is free of rank 1 on a generator of
degree —8, T3 has presentation

4 4
00— T3 «—— (3) P(=7) — (4) [P(-9) @ P(—11)] «— 0O
and T, has a presentation

0Ty (;) P(—6) — (g) [P(~8) ® P(~10)]

— (i) [P(=10) & P(~12) & P(~14)] — 0.

(iv) Iif r =5 then T = To ® T35 T, & T5 where T} is free of rank 1 on a generator
of degree —9, T, has a presentation

0Ty — <Z> P(=8) — @ [P(=10) ® P(—12)] — 0,

T3 has a resolution

0 Ty — (2) P(=T) — @ [P(~9) ® P(~11)]

— (g) [P(~11) @ P(~13) ® P(—15)] — 0.
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and T5 has a resolution

0Ty @ P(=6) — @ [P(~8) & P(~10)]

— (i) [P(=10) ® P(-12) & P(-14)]
— (2) [P(=12) © P(=14) © P(=16) © P(~18)] «— 0.

4.7. The local cohomology of T.

Now that we have detailed homological control over T', we may calculate its
local cohomology. Quite generally, if we have a free resolution

00— F, —F_ 41— - —F—M-—70

this gives a means of calculating H;(M); this is really just local duality, but it

is helpful to make it explicit. Indeed, we tensor the resolution with the stable

Koszul complex and obtain a double complex. Both the resulting spectral sequences

collapse (because the stable Koszul complex is flat and P is Cohen-Macaulay) thus
Hi(M) = H,_(H}(E.).

When M = T, we have a finitely generated free resolution whose terms F; each
have generators in a single degree d; and are therefore Gorenstein:

H;(Fz) = Start(di + 2T)Ev.
However, local cohomology is covariant, so the maps in the complex are not duals.
We may revert to the case of a general finitely generated module for the answer.
LEMMA 4.7.1. (Local duality) The 2rth desuspension of the complex
Hi(Fy) — Hi(Fr—1) — --- — Hf(Fo)
is obtained from
Fr—)Fr—l —’—’FO
by taking P-duals and then Fy-duals, that is by applying
Homp, (Homp (-, P),F2))
REMARK 4.7.2. Of course Fa-duality is exact, so the essential step is the initial
P-duality. The more compact formulation of the lemma is the statement
Hi(M) = Ext™ (M, P)’ (2r),
and it is this statement that is usually known as local duality, but for calculational
purposes we use the form in the lemma.

Proof: This is an exercise in duality. If we choose bases and represent the maps by
a matrix it is enough to consider a map z : P(a) — P(b) given by multiplication
with an element 2 of P (of degree a — b). The matrix of the new complex has this
replaced by

(-x)* : Start(a + 2r)PY — Start(b + 2r)P",
where the effect on f € Start(a + 2r)PY = Hom(X*T?" P, Fy) is

()" (N)y) = f(zy).

Applying Fo duals we recover the original matrix. O
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FI1GURE 4.5. The double complex for the local cohomology of T3
in rank 6.

From this we can deduce the local cohomology of T'. As before, it is convenient
to phrase the result in terms of the dual local cohomology modules, since these are
Noetherian. It is worth alerting the reader to the fact that each of the statements
in the following theorem represents quite exceptional behaviour, and left the au-
thors incredulous on discovery. The second and third statements were suggested
by calculations with the commutative algebra package Cocoa [9].

THEOREM 4.7.3. The local cohomology of T; is as follows
(1) T; only has local cohomology in degrees i and r.
(2) Fori=2,3,...,7—1
HI(T;)" = Treiga(—r +4)
and
H{(T,)" = P(-r+4).

(3) The dual of Hi(T;) is only one dimensional, and has Hilbert series

9 v i—2r— r r—1

(L)) = =412y — 274 /(1 a)

where © = t? and t is of degree —1.
REMARK 4.7.4. It follows from Part 2 that if we take T” = g_l T; then

Hy (T =T (—r+4)

so that T" is quasi-Gorenstein (the ‘quasi’ refers to the fact that T’ is not of depth
r). In fact the inclusion To(—r+4) — P(—r+4) has a one dimensional quotient, so
that the error in replacing 77 by T in the above statement is only one dimensional.
Furthermore, since the lower local cohomology is only one dimensional, T itself is
Gorenstein in codimension < r — 2.

Proof: To calculate the local cohomology of T; we consider the resolution S = S(T;)
from the proof of 4.6.3. By 4.7.1 we need only reverse the direction of the arrows and
change the suspensions to obtain a complex SV calculating the local cohomology.
This immediately gives an algorithm for calculating it.



4.7. THE LOCAL COHOMOLOGY OF T. 101

LEMMA 4.7.5. The extreme local cohomology modules of T; are described as
follows.
(i) The bottom local cohomology H}(TZ)V has a presentation

rP(2—i)®rP4—i)® - - & rP(2r —3i) —
PA—i)@P6—1i) @ & PQ2r—3i+4) — H(T) — 0;

in particular it is generated by elements in degrees 4 — 1,6 —¢,...,2r — 3i + 4.
(i) The top local cohomology lies in an exact sequence

r
141

0 — HY(T)Y — (7;)13(4 —i) — ( )[P(G —i)® P8 —1)].

The map is described by

& (S) — Y (Wi€rs2(S U{t}) + y7&rsa(S U {t})).

tgS

To see that T; only has local cohomology in degrees ¢ and r, we we may use the
same argument as in 4.6.3, since the dual of a Koszul complex is again a Koszul
complex. The only difference is that we are truncating the Koszul complex at the
other end: the Koszul complex only has homology in degree 0, so if we remove the
lower modules (as in 4.6.3) it still only has homology at the bottom end. If we
remove the upper end (as here) it retains its homology in degree 0, but also has
homology at the upper end.

This completes the proof of Part 1. Since T, = P(—r —4), the statement about
its local cohomology is clear, and we may suppose ¢ < r — 1. Part 2 is therefore an
immediate consequence of the following.

LEMMA 4.7.6. Ifi=2,3,...,7 — 1 then there is an exact sequence
0—Twa— (" )P0 — (,_ 0, ) )P+ Do PG-r+ ),

where the map is described by

& (S) — Y yibrra(S ULt} + 47 6rra(SU{t}).

tZS

Proof: If we choose as basis of (Til.)P(i — ) the products ;1)) - - - Ti(r—i) Of
r — ¢ distinct z’s then the inclusion of T;._;;9 is standard. The exactness of the
sequence now follows exactly as in 4.6.1. It is a zero-sequence since Qo(gs) =
Qo(Q1Qozrs) = 0 and Q1(gs) = Q1(Q1Qoxs) = 0. It has no homology because
ker(Q1) Nker(Qp) = im(Q1Qo) + P. Since i # r, the term P makes no contribu-
tion. O

To complete the proof of 4.7.3, it remains to establish the Hilbert series for
H(T;) and hence its dimension. This is done in the following section. O
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4.8. Hilbert series.

We shall be discussing Hilbert series of Noetherian modules over the polynomial
ring P. We write

[M] = " t"dim(M_,).

We have chosen t of degree —1, so this is a Laurent series in t. We let x = t2 so
that [P] = 1/(1 —t?)" = 1/(1 — x)". We shall only be discussing Hilbert series
of Noetherian modules, so the Hilbert series is a rational function of ¢. Indeed,
it is immediate from a resolution that the Hilbert series takes the form [M] =
p(t)/(1 — )" for some polynomial p(t). This section consists of entirely elementary
manipulations with rational functions.

DEFINITION 4.8.1. For 0 < i < r, we define truncations of the polynomial
(L—x)" by

(1-a)f = @(—w)i + (z i 1><—w>i+1 +ooe @(—w)’"-

The identity (—z)"(1 — (1/x))" = (1 — x)" gives a useful duality property for
the truncations.

LEMMA 4.8.2. The truncated binomials have the following duality property
(=2)" (1= (1/2)fy + (A —2)fyjyqy = (L—2)". O
LEMMA 4.8.3. The Hilbert series of T; is
[T:] = (=) (1 = 2)fy — 2" "1 = 2?)f) /(A —2)"

Proof: Directly from the resolution in 4.6.3, we calculate

(1 _ x)T[Ti] _ (:)ti+4 _ (111) (ti+6 + ti+8) + (1};2) (ti-i-s + $i+10 4 tz‘+12) .
= (=7 () (=2) + (1) (—2) T A+ x)
+(i10) ()2 (14 2+ 2%) + -]

= (=7 () (o) (1 —2) + (1)) (~2) (1 - 2?)

(L) R -2t /(1)
= (O () + () () )

() () () (=2 )]/ - )
= ()71 —2)py -2 (1 =)L/ (1 - 2)

as required. (I

We are now ready to deduce the Hilbert series of various dual local cohomol-
ogy modules. It is worth reminding readers that the ideal behaviour enjoyed by
Corenstein modules M is that one should have [H}(M)"] = (=1)"t/[M](1/t) for
some j.

LEMMA 4.84. Fori=2,3,...,r — 1 we have
[H(T)] = (1) [T)(1/t) — (1) [HI(T)").

Proof: Take the resolution Fy of T; from 4.6.3. We have [T;] = x([Fx]). By local
duality 4.7.1, the cohomology of the 2r-th desuspension of the dual of Fj is the
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local cohomology. Finally, by 4.7.3, since the local cohomology is only in degrees i
and r we find
v

[H(T))"] + (1) [H(T;)"] = x([Hom(F., P)))
= (=D"x(FDA/H) = (=1)"[M](1/1)

as required. (I

From the calculation in 4.7.3 we deduce the Hilbert series of H}(TZ)v
COROLLARY 4.8.5. Fori=2,3,...,r — 1 we have
HH(T)] = 5724 (1 4 2)" = 2™ /(1 - ),
Proof: Combining 4.7.3 Part 2 with 4.8.4, we find

r—1 1 Vv r r—
(=D HT) ] = (=D [GI(1/8) =t T iyl
Let us record first that by 4.8.3

T Tige] = (1) = @)y — 2T A = 2]/ (L)
= (_1)T_iti_2[(1 - x)[rr—i+l] - ivi_r_l(l - $2)[Tr—i+1]]/(1 - $)T+1-
Now we use 4.8.3 and 4.8.2 to deduce
VT = U0 - -2 T A - H)pl/a - )
= (T = D)y - (= R/ - )
= —(=)" (D1 —2)" = (1 - 2)[_1ys)
(1) (1 ) — (1 —2?)], )]/ (1 — )
= (L (1 a) - 2 (L - 2))
(L= a)) gy — @ (1= a?) )]/ (L= 2) ).

Subtracting t"~*4[T}._;,2] we obtain the desired result. O

x

4.9. The quotient P/T5.

When V is of rank 1, the module T5 is zero, so we suppose r > 2 for the rest
of the section. When V is of rank 2, we see T = X "6P (and quickly check this
isomorphism is untwisted).

The confusing thing about 75 is that its generators are not monomials, so we
let

T = (yiy; |i <)
and define U and A by the exact sequences
0—T—T—U-—0
and
0—T—P—A—0.

First note that A is the ‘axis quotient’ of P (of dimension 1 in degree 0 and of
dimension r for each negative even degree).
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Now we turn to the module U. This has an Fy basis consisting of elements y3
of degree —2n, where S is a subset of the possible indices {1,2,...,r} with at least
two elements, and n > |S]:

U=(y2In> | > 2.

The action of P is given by
Yiys = yeli-

This is very reminiscent of the description of @Q’, the formal difference being
that we are now working mod (2,v). The principal difference in detail is that only
subsets with 2 or more elements give rise to basis elements.

Now we have a GL(V)-invariant filtration

U=U;DU3D2---DU,DU,41=0

where
Ui = (ys | [S] = 0).
LEMMA 4.9.1. The subquotient U; /U;11 is non-zero in negative even dimen-
sions < —2i, and is of dimension (:) in each such degree. O

We leave the reader the straightforward exercise of using the contents of this
section to give an alternative proof that 75 only has local cohomology in degrees
2 and r, and that Hj(T:) = P(—r + 4) provided » > 3. One ingredient is that
the element y* is U-regular. The disadvantage of this method is that it only gives
H?(T>) up to extension.

4.10. The local cohomology of R.
We reassemble the local cohomology of R from the short exact sequence
0—T—R—Q—0.

First, @ is of dimension 1, and so has local cohomology only in degrees 0 and 1.
Next T =To®&T3®---®T,, and T; is of depth i and dimension r; by 4.7.3 T; only
has local cohomology in degrees i and r. Accordingly the only possible non-trivial
connecting homomorphism is

§: Hj(Q) — Hi(T»).

In fact we shall see in 4.11.5 that this is surjective with kernel equal to 2 - H} (Q).
To avoid special cases, in the general discussion, we make explicit the examples
r<3.

EXAMPLE 4.10.1. (i) If r = 2 then HY(R) = ku* - p and there is an exact
sequence

0 — HNR) — HNQ) - Start(—2)PY — H2(R) — 0.

The map § is determined by its effect in degree —2, since the codomain is dual
of a free module on a single generator of degree 2. In this case H}(Q) is one
dimensional in degree —2, so it suffices to show it is non-trivial. We may argue
using topology. Indeed, the local cohomology spectral sequence collapses, so we
need to ensure H7(R) is zero below degree 2, since ku.(BV) is connective. The
map § is calculated on © € H}(Q)_442, by taking §(z) € PY,,,, to be the map
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P_5,.9 — F5 given by acting on . A short calculation allows us to deduce ¢ is
an isomorphism in degrees 0 and —2, and in general

Hy(R) =2 H[(Q)
and
H}(R) = Start(4)(yfyz + y13)" = PY(4).
(ii) If » = 3 then HY(R) = ku* - p and there is an exact sequences
0 — Hj(R) — H}(Q) =~ H}(T) — H}(R) —0

and
H}(R) = H}(Ty) & H}(Ty) = P¥(6) & P¥(~1).

In fact we shall see that § is surjective, and hence

ku* - p ifi=0
coo ) 2-HNQ) ifi=1
Hi(R) = 0 if i =2

PV(6)o PV(-1) ifi=3
The general result is as follows.
PROPOSITION 4.10.2. The local cohomology of R is
ku*-p ifi =20
| 2-HNQ) ifi=1
H;(R)=< 0 ifi=2
HYT;) if3<i<r-—1
H}(T) ifi=r

REMARK 4.10.3. By 4.7.3 we have a presentation of Hi(T;), we know its Hilbert
series and that it is one dimensional. We also know

Proof: This is immediate except for degrees 1 and 2. For these, it suffices to
identify the connecting homomorphism.

LEMMA 4.10.4. The map 6 : H}(Q) — H#(Tz) is surjective.

We will prove a more general statement in 4.11.5 below.

It then immediately follows that H?(R) = 0. Furthermore H}(R) =2 - H}(Q)
since certainly 2 - H}(Q) lies in the kernel of 6. On the other hand H}(Q)/2 and
H3(T3) are both graded Fy vector spaces of the same finite dimension in each de-
gree: their duals both have Hilbert series t2=2"((1 + z)" — 2"~ 1)/(1 — z) by 4.5.1
and 4.7.3. 0

4.11. The ku-homology of BV.

Before treating the general case, we make the cases of rank 1, 2 and 3 explicit.
This should help the reader to get a picture of the spectral sequence, as will be
necessary follow the general argument.

ExXAMPLE 4.11.1. If V is of rank 1 the local cohomology spectral sequence obvi-
ously collapses. Hence kue,(BV) = HY(R) = ku* - p, and kuoq(BV) = X~ H}(R).
This is cyclic of order 2™ in dimension 2n — 1.
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EXAMPLE 4.11.2. Quite generally, we know H?(R) = ku* - p survives. Hence
the spectral sequence also collapses if V' is of rank 2. Hence
kueo(BV) = HY(R) ® X 2H?(R) = ku* - p @ Start(2)P"
and
kuod(BV) = X7 H(R) =2 H;(Q),

<i> 72" @ @) 72"t

Because of the grading in the local cohomology spectral sequence, if H?(R)
is non-zero below degree i there must be a differential. Accordingly the spectral
sequence does not collapse for r > 3.

which is

in degree 2n — 1.

EXAMPLE 4.11.3. In the rank 3 case, the differential can be inferred from this
information. Indeed, since Hj(R) is in even degrees, the differential is

d?: H}(R) — 7Y (H}(R)oa).

Since the codomain X7 (H}(R)oq) = X H3(T3) = £72PV is the dual of a free
module, the differential is determined by its restriction to the bottom non-zero
degree (namely H}(R)_3) where it must be an isomorphism since ku.(BV) is con-
nective. A short calculation allows us to deduce

cok(d?) = Start(10)(y3ys + y1y3, yiys + y193, y3ys + yoyl)” = Start(10)T"
and
ker(d®) = 4- H}(Q)
Accordingly,

kue,(BV) = HYR)® X 2H#(R)® X 3(H3(R)oa/d?)
= ku*-p® X 3(H}(T3)0a/d?)
= ku*-p® Start(8)T,"

For ku,q(BV') we have an exact sequence

0 — N73(H}(R)ew) — ktoa(BV) —  ker(d?) — 0,
and since H} (R)., = H}(T2) = PV(6), a split exact sequence

0 — PY(3) — kuoq(BV) — Start(1)(4 - H} (Q)) — 0.

From these descriptions it is easy to identify the abelian group in each degree, and
the action of GL(V'), at least up to extension in the final case.
We are now ready to describe the behaviour of the spectral sequence in general.
THEOREM 4.11.4. The spectral sequence has E°°-term on the columns s =0, —1
and —r, and this gives an extension

0 — Start(2)T — ku,(BV) — Start(1)(2" " H}(Q)) — 0
of GL(V)-modules, and the extension is additively split.
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Proof: We prove the theorem by showing that the only differentials are those orig-
inating on the s = —1 column and all but the last of these are epimorphisms. We
may include the connecting homomorphism § : H1Q — H?T5 in the discussion by
treating it as d'.

The most obvious fact is that the codomain of each differential is annihilated
by 2, and so the kernel of each differential includes all multiples of 2. We show by
induction that this is precisely the kernel, and that there are no other differentials.
Suppose then that this has been proved for differentials dy, . . ., d;—2 (the assumption
is vacuous for i = 2).

We choose to index our induction by the degree of local cohomology involved
as the codomain. Thus at the ith stage we have

d1 22 H(Q) — Hi(T))(2 — i),

and this factors through the Fo-vector space 2°2H1(Q)/2" H} (Q). It is natural
to replace this map between Artinian modules by the dual map

d_y: HU(T) (i — 2) — (272H}(Q)/2 ' HHQ))”

between Noetherian modules.

We may now treat the cases ¢ = 2,...,7 — 1 together, but the case ¢ = r is
slightly different and we return to it at the end.
PROPOSITION 4.11.5. Fori=2,...,7r — 1 the dual differential

7 V. i— i— \
iy Hy(T;) (i —2) — (2'72H}(Q)/2" H[ (Q))
is an isomorphism.

Proof: By 4.7.3 and 4.5.1 these two modules have the same Hilbert seriesifi < r—1
so that if the map is an epimorphism it is an isomorphism.

By 4.5.2, it therefore suffices to show that d} is an epimorphism in positive
degrees. The idea here is that the subgroup of H}(Q) in degree ¢ < 0 must die
in the spectral sequence, since it contributes to ku;—1(BV'). The only differentials
that affect the (—1)-column are the differentials d* and the way to make the EZlelt
term as small as possible is to ensure d’ is surjective. By counting we see that this
gives exactly enough to kill H}(Q); with nothing left over: there are therefore no
other differentials involving these groups, and the differentials d* are all surjective.

LEMMA 4.11.6. The order of H}(Q) in any degree —2j < 0 is ezactly equal to
the order of

H}(To)—9j41 @ H} (T3)—9j12 @ - @ H{ (T}) —9j1r—1,

and HY(T;)—2j4r—1 = 0 for i <r—1. Accordingly, all differentials d* on H}(Q)_2;
are surjective.
This completes the proof of 4.11.5. O

Finally, we must understand
d._,:P@2)=PA—r)(r—2)=H/(T,) (r—2) — (2" 2H}Q)/2" 'H}Q))".

Evidently the map is determined by the image of the generator in degree 2, and it is
easily verified that the codomain is one dimensional in that degree. Since ku.(BV)
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Rank 8

.

nv e

8765 -4-3-=2-10

FIGURE 4.6. The local cohomology spectral sequence for
ku.(BV) with V of rank 8. The (—1)st and (—2)nd columns
start in degrees —2r 4+ 2. After this, the start increases in steps of
3. The bottom nonzero entry of the (—r)th column is in degree r—4
(coming from H7(T,) = PY(r —4)). The subsequent contributions
are Start(r + 3)T3", Start(r +4)Ty", ..., Start(2r)T,." = PV(2r).
In the picture, the differential d* connects the lowest nonzero
groups in their respective columns on the E’-page.
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is connective, the d._; is surjective in degree 2, and hence by 4.5.2 it is surjective
in all degrees.

LEMMA 4.11.7. The kernel of d._, is precisely T>(2) C P(2).
Proof: Since the two monomials in a generator y2y; + yzyf of Ty involve the same
set of generators {y;, y;} and are of the same degree they map to the same place in
the module (2"2H}(Q)/2"*H}(Q))". Thus ker(d._,) contains T5. On the other

hand we see from 4.8.3 and 4.5.1 that P/T» and (2T_2H}(Q)/2T_1H}(Q))v have
the same Hilbert series. O

Finally, we have not established that the components of d"~! involving H? (T})
with ¢ < r — 1 are non-zero. However, since d)._; is surjective, the E* term is
determined up to isomorphism. O

4.12. Duality for the cohomology of elementary abelian groups.

In this section we implement the discussion from Section 3.3 for elementary
abelian groups. It is generally considered that the homology of a group is more
complicated than its cohomology since it involves various forms of higher torsion.
However, one of the lessons of the local cohomology approach is that, after duality,
the two contain very similar information. In fact the local cohomology spectral
sequence is a manifestation of a remarkable duality property of the ring ku*(BGQ).
For ordinary mod p cohomology the corresponding duality implies, for example,
that a Cohen-Macaulay cohomology ring is automatically Gorenstein. Since ku* is
more complicated than HF7, the statement is more complicated for connective K
theory, but the phenomenon is nonetheless very striking. This is reflected again in
Tate cohomology. As with ordinary cohomology, the advantages of Tate cohomology
are most striking in the rank 1 case.

More precisely, we view the local cohomology theorem

Hi(ku*(BG)) = ku.(BG)
as the statement
RT;(ku*(BG)) = ku.(BG),
and the universal coefficient spectral sequence
Ext, (ku.(BG), ku.) = ku*(BG),

as the statement
RDgu, (kus(BG)) = ku™(BG)
where Dy, (1) = Hompg,, (-, ku.) denotes duality, and R denotes the right derived
functor in some derived category. Combining these two we obtain a statement of
the form
(RDgu, ) o (RT) (ku*(BG)) = ku*(BG).

This states that the ring ku*(BG) is “homotopically Gorenstein” in some sense.
We give this heuristic discussion substance by showing what this means in practice
for elementary abelian groups.

Remarkably, it is a profound reflection of the obvious formal similarity between
the sequences

0 —T — ku*(BV) —Q—0
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and

0 — Start(2)T" — ku,(BV) — Start(1)(2" ' H} (Q)) — 0.
It turns out these sequences correspond closely to the homological properties of
ku*(BV') as a module over ku*. It is convenient to remove the summand ku* from
both homology and cohomology: since Homy,,, (ku., ku.) = ku,, this fits into the
universal coefficient spectral sequence pattern as described in Section 3.2, with

S = Start(2)T" and P = Start(1)(2" ' H}(Q)).

As remarked in Section 3.2 the spectral sequence collapses to the short exact se-
quence

0 — Ext}, (228, ku,) — E{L*(BV) — BExty,. (P, ku,) — 0.

The main result of this section shows the resemblance is no coincidence. It is
convenient have notation for the reduced quotient @ = @Q/ku,, where ku, is the
submodule generated by 1.

PROPOSITION 4.12.1. The short exact sequence for E{L*(BV) from the local co-

~ %
homology spectral sequence is dual to the short exact sequence for ku (BV') from
the universal coefficient theorem. More precisely

i T ifi=2
Exty,,, (Start(4)T", ku.) = { 0 oftherwise

and

i r— Q0 ifi=1
Bxtf, (Star@(@ H{Quku) = { ¢ =1

Proof: We essentially repeat the proof of 3.2.1 with the relevant particular values of
S and P, and then continue far enough to calculate the non-vanishing Ext groups.
It is natural to use the injective resolution

0 — ku* — ku*[1/p,1/v] —
ku*[1/p]/v* & ku*[1/v]/p> — ku™/(p™,v>*) — 0

of ku*.

The statement about T then follows directly. Since TV is 2 and v torsion, it
follows that

Ext}, (Start(4)T"V, ku.) Ext, (Start(4)T", ku.)

Homy,,, (Start(4)TV, ku* /p>,v>)
= Homp, (Start(4)T", X "2F3)
= Start(—6)T =T.

Now consider M = Start(2)M = 2""'H}(Q). First note that it is 2-power
torsion and hence its Ext groups are the cohomology of the sequence

0 %, Homypa, (M, ku*[1/0]/p™) -2 Homypw. (M, ku*/p™, v™).
For the term in cohomological degree 1, we note
Homy,,, (M, ku*[1/v]/p>) Homyg,,, (M[1/v], ku*[1/v]/p™>)
Homgz (M1 /v, Z/p™).
However M[1/v] = (K*(BV)/p)/p*°, so the resulting group of homomorphisms is

(R(V)/(p)), in each even degree.
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For the term in cohomological degree 2, we note that M starts in degree 2, and
that for £ > 0 multiplication by v includes Moy in Mog12 as 2Mag 2. Hence

Homg, (M, ku®/p>,v*) = Homz(Mox, Z/p™).

Next note that May contributes to kusg—1(BV), and maps monomorphically under
inverting v to

Ko (BV) = HI(R(V)) = (R(V)/p) /™.
Hence the differential d* is surjective. It follows that Ext?, (M, ku.) = 0, and that

Extl’%(M, ku.) = Homz([(R(G)/p)/p™]/Mak, Z/p™).

k.

As an abelian group this is certainly right, but we should also consider the

action of v. We have shown that
E:>{t},1€’uikJr2 (M, ku,) —— Extllgik(M, kus)
corresponds to
v Mog g «— Moy,

The former is therefore an isomorphism for £ < —1, and a monomophism with
cokernel Moay42/2 for k > 0. This precisely corresponds to the quotient

@2k+2 L)@%
of
ku?*+2(BV) -5 ku?*(BV). O

4.13. Tate cohomology of elementary abelian groups.

In this section we combine our calculations of the ku-homology and cohomology
of BV with the completely known norm sequence for periodic K theory to deduce
t(ku)3i,, at least up to extension.

PROPOSITION 4.13.1. If V is an elementary abelian 2-group there is an exten-
sion of ku*(BV')-modules

0 — T @ Start(2)T" — t(ku)j; — N — 0

where N has no v-torsion and is additively (Z5)V1=1 in each even degree.

Proof: There is certainly an exact sequence of the form
0 — Tyt(ku)y, — t(ku);, — N — 0,

and we will show this is as stated in the proposition.
The norm sequence gives

0 — ku*(BV)/(p) — t(ku)}, — Sku, (BV) — 0.

We compare this with the norm sequence for periodic K, noting that by 1.1.1, the
latter is obtained by inverting v. By, 4.2.7, the v-power torsion in ku*(BV)/(p) is
T, and by 4.11.4, the v-power torsion in ku, (BV) is S = Start(2)T". Since the
v-power torsion functor is not right exact, we need a further argument to check all
of S comes from v-power torsion in Tate cohomology. A comparison of the norm
sequences for ku and K gives a six term exact sequence by the Snake Lemma. In
this exact sequence, the group S (the kernel in homology) maps to the cokernel of
ku*(BV)/(p) — K*(BV)/(p). However, the latter is entirely in negative degrees
since the cofibre of ku — K is in negative degrees. Since S is in positive degrees,
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the map in the snake sequence is zero, and the v-power torsion is an extension of
T by S; since T is in degrees < —6 and S is in degrees > 2 we find

Tot(ku)y = T @ Start(2)T",

as claimed.

Recall that by [30, 19.6] ¢(K)3, is a Qa-vector space of dimension V| —1 in
each degree. Its subgroup N = t(ku)j, /T'yt(ku)j, therefore has no Z-torsion. Since
we have an exact sequence

O—»@—»N—»f’—»O,

and in each even degree @ is (Z5)!V1=1 and P is finite, the asserted structure of N
follows. g

The proof of 4.13.1 gives further information about the product structure
on t(ku)j,, and its structure as a module over ku*(BV). To start with, N =
t(ku)i /T ot(ku)} is a subring of ¢(K)7,, and with the Adams spectral sequence we
can identify it explicitly.

PROPOSITION 4.13.2. (i) The image of ku*(BV) in K*(BV) = R(V)}[v,v™!]
is the Rees ring of R(V)} for the ideal J. This is the subring generated by & = vJ
and v.

(i) The image of

t(ku)y, — t(K)y = R(V)}/(p)[1/2][v,v7"]
is the subring generated by & = vJ and v together with v"t"E&/2" L for n > 0
and 1 < i <r —1 and v*"TE" /2" T+ for n > 0. In particular it is not finitely
generated for r > 2.

REMARK 4.13.3. (i) The statement covers the case r = 1 when t(ku)j, =
Z8[y,y~1], since in this case y~! = v?y/4 is of filtration 0. This is exceptional in

being a finitely generated algebra over Z4[y].
One may similarly make other cases explicit. For example, when r = 2,

N = Z5 [y1, yo, v Ty /27T 0 yy /20 H 2y 40 /272 | wy2 = 2y;,m > 0]

(ii) The reader is encouraged to identify these rings in the display of @ as in 4.4.2
and 4.3. This gives a picture of Part (i), since the image is Q. For Part (ii), the
image of t(ku){, is the subring of Q[1/y*] consisting of Q/(p) together with all
elements of filtration > r. However, it is important to note the rather exceptional
behaviour of £". Indeed, since p = 0 the expression given before 4.4.3 gives

r—1
o Eer C Zv2r_i8i/2T_i+l.
1=1

Proof: Part (i) is immediate from the fact that ku*(BV) is generated as a ring by
v and the Euler classes y1,...,y,.

For Part (ii) we may include v and the Euler classes y1,...,y,. Evidently it
suffices to add classes that map to a generating set in ¥P= 2" THHQ). (Il

We know various things about the action of N on I',t(ku)} . Firstly, it factors
through N/(2,v)N. Secondly, it is consistent with the action of Faly1,...,y.] =
Q/(2,v)Q on T from ku*(BV). The action of the positive degree elements mapping
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onto the elements of P of order 2 are rather mysterious. Note that N preserves .S,
since the negative part of N is generated by degree —2 classes. Accordingly, the
action of N on S = Start(2)T"V follows by Tate duality.

Next the product of two elements of T is known, since it comes from coho-
mology, where the product comes from that in the polynomial ring Fa[z1,...,2,],
and the identification of S with Start(2)7"" shows how T acts on S. Finally, in all
cases with T #£ 0 (i.e., for r > 2), T has a regular sequence of length 2. Hence the
arguments of Benson-Carlson [7, 2.1,3.1] apply precisely as in group cohomology
(despite the unusual-looking dimension shifts) to give the triviality of the remaining
products.

PROPOSITION 4.13.4. If s,8' € S and t € T then ss’' = 0 and if |st| < O then
st =0. (]






APPENDIX A

Conventions.

A.1. General conventions.

Unreduced: All homology and cohomology is unreduced unless the con-
trary is indicated by a tilde.

Degree and codegree: All homological (lower) indices are called degrees,
and all cohomological (upper) indices are called codegrees. These are
related by M; = M.

Mod p cohomology: Unless otherwise indicated, coefficients of ordinary
cohomology are in F,, for some prime p.

Suspension: We have indicated suspension in three different ways, accord-
ing to what is convenient. The algebraic and topological suspensions are
related by

"M =M(n)=%_,M.
We also write Start(n)M for the suspension in which the lowest non-zero
entry is in degree n. Use of the notation implies that M is non-zero and
bounded below.

Representations: (i) If H is the normal subgroup generated by s in G, with
cyclic quotient G/H, then § denotes a one dimensional representation of
G with kernel H.

(i) The trivial one dimensional complex representation is denoted e.

A.2. Adams spectral sequence conventions.

As usual our Adams spectral sequences
Ey' = Ext (H*(Y), H*(X)) = [X,Y]i—s

are displayed with the topological degree ¢ — s horizontally and the homological
degree s vertically.

We are particularly concerned with the special case when Y is the Adams
summand [ of ku when the spectral sequence reads

By = Exty,, (Fp, HY (X)) = I°7(X),

and is module valued over the case X = S,
Eyt =TFylag,u] = I*

where ag € Ey',u € By L
The rest of this section is restricted to the prime p = 2, where the spectral
sequence reads

By = Exty, (F2, H'(X)) = ku®~"(X)
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and the corresponding spectral sequence for homology reads

Ey" = Extiy ) (H*(X), F2) = kuy—s(X)

(where the A action on H*(X) is twisted as detailed in Section 2.1 when determining
Bockstein differentials). These are both module valued over the case X = S°,

E}t = Fylho,v] = ku*

where hg € E21’1,v € E21’3.

The conventions have the effect that for a space X, the non-zero entries for
calculating ku*(X) are on, above and to the left of the line of slope 1/2 through
the origin. The Adams spectral sequence

Ey' = Exty ) (H*(X),Fp) = kug—s(X)

is concentrated in the first quadrant at Fs, while at F, it will be concentrated
below and to the right of a line of slope 1/2 with s intercept roughly the exponent
of the p-torsion in the integral homology of X.

Each dot or open circle in the displays corresponds to a basis element of the
corresponding E%t as an Fa-vector space.

Multiplication by hg is indicated by a vertical line, and a dotted vertical line
indicates an ‘exotic’ extension not arising from multiplication in Fj.

Multiplication by v is indicated by a line of slope 1/2 and is explicitly shown
only at the bottom of an hg-tower.



APPENDIX B

Indices.

B.1. Index of calculations.

We summarize where to find the calculations for various specific groups. The
blanks in the first two columns correspond to well known facts we have not recorded.

The blanks in the last two columns refer to calculations we have not done.

Group | Name R(G) | H*(G) | ku*(BG) | ku«(BG) | t(ku)g
c, cyclic 22 |22 9.27 3.4.3 3.6.2
Gpq non-abelian pq 2.3 2.3 2.3.2¢ - -

Qs quaternion 2.4 24 2.4.6 3.4.3 3.6.2
Qan quaternion 2.4 24 2.4.5 3.4.3 3.6.2
SLy(3) | special linear - - 2.4.12 - -
SLy(0) | special linear - - 2.4.112 |- -

Dg dihedral 2.5 2.5 2.5.5 3.5.1 -

Don dihedral 2.5 2.5 2.5.4 - -

Ay alternating 2.6 2.6 2.6.2 - -

g symmetric, ¢ prime | - - 2.3.3 - -

\% elementary abelian | - 4.2 4.23 4.1.1 4.13.1

Notes: (1) Special cases p = ¢—1,(¢ — 1)/2 and p = 2 are given more explicitly
in 2.3.3, 2.3.4 and following discussion.

(2) Only 2-local information.
(3) The ring structure is determined by 4.2.6, but no presentation is given.
(4) An alternative presentation is given in the paragraph preceding 2.3.3.

B.2. Index of symbols.

® formal multiplication x ©y = 2 + y — vay
(1 = (1 = vz)™)/v the multiplicative n-series

MY vector space dual Homy (M, k)

V| V with the trivial action

W 1€ induced representation

[M] Hilbert series

(1—2) 4.8.1  truncation of (1 —z)"

M(n) n-fold suspension of M

z natural representation of the quotient by (z)
X () n-skeleton
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NQ Nﬁ NQ Nﬁ Nﬁ
TR R

3

= Q0
=
8

€H
€R
GKG
€ku
€K

24
2.5

2.4
2.5

2.2, 2.3, 4.2
1.4.1

2.3

1.3
1.3
1.3
1.3
1.3

1.1
24
4.9

2.5
2.5
3.3

1.3
1.3
1.3
1.3
1.3

B. INDICES.

B.3. Index of notation.

(1) generator of ku*(BQan), a = ek (o — 1)
(2) generator of ku*(BDan+2), a = egy(st)
Adams spectral sequence counterpart of p
alternating group of degree 4

generic one dimensional representation
mod p Steenrod algebra

(1) generator of ku*(BQazn), b = exu(X)
(2) generator of ku*(BDagn+2), b = egy(8)
indecomposable summand of BC),
Bockstein spectral sequence for a
coefficient ring Z,)[v1, . . ., vp]

(1) generic one dimensional representation
(2) p-dimensional representation of Gy, 4

Chern class in H*(BG)

Chern class in R(G)

Chern class in K

Chern class in K*(BGQ)

Chern class in ku*(BGQ)

cyclic group of order n

the completed character approximation
(1) representation of Qan

(2) Euler characteristic

generator of ku*(BDgn+2), d = epy(01)
element of ku*(BDgn+2), d; = exy(0;)
Dy (-) = Hompy, (-, kus)

dihedral group of order 2n

Euler class in H*(BG)
Euler class in R(G)
Euler class in K&
Euler class in ku*(BG)
Euler class in K*(BG)



ku
ko

2.1

1.3
1.3

1.1

1.5

B.3. INDEX OF NOTATION. 119

exterior algebra on generators t1, ..., %,
exterior algebra F(Qo, Q1)

contractible free G-space

the join S° x EG

the trivial one dimensional representation
the generator of the stable 1-stem

ideal generated by Euler classes

field with p elements

generic notation for a finite group
non-abelian group of order pq
multiplicative group scheme
Grothendieck v operations
I-power torsion in M

the Adams spectral sequence counterpart of 2
local cohomology of M

mod p Eilenberg-MacLane spectrum

integral Eilenberg-MacLane spectrum

p-adic Eilenberg-MacLane spectrum

the inclusion S° — SV
augmentation ideal I = ker(ku*(BG) — ku*)

augmentation ideal J = ker(R(G) — Z)

(1) generic notation for a field

(2) generic notation for a ku.-algebra
periodic complex K-theory

complex connective K-theory

real connective K-theory

Kiinneth comparison map



PE
PZ

(o]
i

qi

QI
Q//
Q2n
Qo
@1
qs

2.1
2.1
27]
1.3

1.3

1.1

4.2

4.3-4.11

3.5
3.2,4.12-4.13

4.6
4.4
1.2
24

24
24

4.4
4.4

4.2

B. INDICES.

Adams summand of ku

string module

universal ring for multiplicative A-equivariant formal group laws
i-th exterior power

modified Rees ring, generated by Chern classes

topologically nilpotent elements of S
largest power of p dividing n

(1) the polynomial ring Fp[y1,. .., yr]

(2) the polynomial ring Fa[y1, ..., y,] where y; = x2
(3) R/(2,v)R, where R = ku*BDsg

(4) Start(1)(2 " H} (Q))

(5) generic Sylow p-subgroup

the polynomial ring Fo[z1, ..., z,]

the polynomial ring Z[y1, . . ., yr]

prime with support C

representation of Qan

(Hg=2p-1)

(2) generator of ku*(BQzn), ¢ = egyu(1)1)

element of ku*(BQa2n), ¢; = epu(1;)

the image of ku*(BG) — K*(BG), usually the completed modified
Rees ring

part of @ in degrees below —2r

quotient of Q by Q'

quaternion group of order 2"

Bockstein, Sq' if p = 2

First higher Milnor Bockstein, Sq'Sq¢? + Sq¢25¢" if p = 2
QlQO(HieS .’L‘l)

p-rank of group
generic notation for a ring, or for ku*(BGQ)
complex representation ring
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Rees(R,J) 1.3 Rees ring of R: subring of R[v,v~!] generated by R,v and 1/v-J
p (1) the regular representation
2.4 (2) generator of a quaternion group
S
S 3.2, 4.12-4.13 (1) F(U7|G|)/€u*BG
4.2-4.11 (2) subset of {1,...,n}
5, st 2.5 representations of Dan
spec(R) prime spectrum of R
spf(R) 1.1 Hom,s(R, ) formal spectrum of R
Start(n) suspension so as to have lowest entry in degree n
S(V) unit sphere in V'
SV one point compactification of V'
Sk2n—1 1.5 Skeletal filtration Sk?"~! = ker(ku’(BG) — ku®(BG*"~1))
o 1.3 (1) ith symmetric function
2.5 (2) representation of Dan
b suspension
T
t 2.5 representation of Dan
T v-torsion submodule of ku*(BG)
T; 4.6 summand of 7" in the elementary abelian case
t(ku): 3.6 ku-Tate cohomology
t(ku)¢ 3.6 ku-Tate homology
U
U u=vP1
A%
v the Bott element
1% (1) generic notation for elementary abelian group
(2) generic notation for complex representation
Vy Klein 4-group
W
w generic notation for a complex representation
X
Z; codegree 1 generator of H*(BV)

X(G) 1.1 the formal spectrum of ku*(BG)
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Y
Y Euler class as generator of cohomology
y* 4.4 modified reduction of J
Yi Euler class of «;
Ye 4.4
Z
¢ root of unity
Z the integers
Z/n the cyclic Z-module of order n
/N the p-adic integers
B.4. Index of terminology.
A

Adams spectral sequence
alternating group, A4

B

Bockstein spectral sequence
Bott element

C

Chebyshev polynomials
Chern class

codegree
Cohen-Macaulay
connective

connective K theory
cyclic group

D

degree
dihedral group
duality

E

elementary abelian
Euler class
exotic

2.1
2.6
14
v
244,253
1.3 characteristic class of a representation
cohomological degree, upper index
ring with depth equal to dimension
homotopy zero in negative degrees
0.1 et seq.
Cy
homological degree, lower index
D2n
3.3,4.12
a group of the form (C,)" for some p and r
1.3

4.2 unexpected to the naive



G

Gorenstein
— in codimension %

H

Hilbert series
homotopy Gorenstein

K

Kinneth theorem

L

lightning flash
local cohomology

M

minimal primes
modified Rees ring

N

nonabelian pq

o

P

periodic K-theory
Poincare series

Q

quaternion group

R

rank
Rees ring

B.4. INDEX OF TERMINOLOGY. 123

4.3
4.1

4.8
3.3

1.5

2.1
3.1

1.2

1.3.8

2.3

1.3.8

duality condition for rings
duality condition for rings

also known as Poincare series
duality condition for rings up to homotopy

certain F(1)-module
Grothendieck’s method of calculating cohomology with
support

Subring of K¢ generated by 1,v and Chern classes

A non-abelian semidirect product Cy x C),

periodic complex K-theory K*(-)
See Hilbert series

QQn

size of largest elementary abelian subgroup
Subring of R[v,v~1] generated by 1,v,1/v-J
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S

string module 2.1 certain E(1)-module
T

Tate cohomology 3.6 combination of ku*(BG) and ku.(BG)
U

universal coefficient theorem 3.2

v

V-isomorphism 1.1 map inducing isomorphism of varieties

W

weird 4.2 Discussion of Wall’s ‘somewhat weird structure’
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